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Preface

The purpose of this handbook is to supply a collection of mathematical formulas and
tables which will prove to be valuable to students and research workers in the fields of
mathematics, physics, engineering and other sciences, To accomplish this, care has been
taken to include those formulas and tables which are most likely to be needed in practice
rather than highly specialized results which are rarely used. Every effort has been made
to present results concisely as well ag precigely so that they may be referred to with a maxi-
mum of ease ag well as confidence.

Topics covered range from elementary to advanced. Elementary topics include those .

from algebra, geometry, trigonometry, analytic geometry and ealeilus. Advanced topics
include those from differential equations, vector analysis, Fourier series, gamma and beta
functions, Bessel and Legendre functions, Fourier and Laplace transforms, elliptic funetions
and various other special functions of importance. This wide coverage of topics has been
adopted g0 as to provide within a single volume most of the important mathematical resulis
needed by the student or research worker regardless of his particular field of interest or
level of attainment. e

The book is divided into two main parts. Part I presents mathematical formulas
together with other material, such as definitions, theorems, graphs, diagrams, ete., essential
for proper undersfanding and application of the formulas. Included in this first part are
extensive tables of integrals and Laplace transforms which ghould be extremely useful to
the student and research worker. Part II presents numerical tables such as the values of
elementary functions (trigonometric, logarithmic, exponential, hyperbolie, ete.) as well as
advanced functions (Bessel, Legendre, elliptic, efc.). In order to eliminate confusior,
especially to the beginner in mathematics, the numerical tables for each function are sep-
arated. Thus, for example, the sine and cosine functions for angles in degrees and minutes
are given in separate tables rather than in one table so that there is no need to be concernad
about the possibility of error due to looking in the wrong column or row.

I wish to thank the various authors and publishers who gave me permission to adapt - ;

data from their books for use in several tables of this handbook. Appropriate references

to such sources are given next to the corresponding tables. In particular I am indebted to
the Literary Executor of the late Sir Ronald A. Fisher, F.R.S., to Dr. Frank Yates, F.R.S.,
and to Oliver and Boyd Ltd., Edinburgh, for permission to use data from Table III of their
book Statistical Tables for Biological, Agricultural and Medical Research.

I also wish to express my gratitude to Nicola Monti, Henry Hayden and Jack Margolin
for their excellent editorial cooperation.

M. R. SPIEGEL

Rensselaer Polytechnic Institute
September, 1968°




CONTENTS

Part
I
Page

Yoo Sppeinl COmsBaiis oo oo vvedin bimmh g ooty B i e e S 0 o sk

2. Special Products and Paclors. . co i a5l ot vies et e n i S I, 2

3. The Binomial Formula and Binomial Coefficients .............oioiiiiiiiiiiiiin, 3

). Geomnetric FOPMUBIAE . . .vvreinoine s sadiigesyssins e 5

5. Triporopietge Bunebiong. Lon oo Ut WL e I Lo e e e e o RO - 1) 11

6 Complex WUMBEFR UL 0 i oo o el ettt tm i) e e s S L L 21

7. Exponential and Logarithmic Functions ............coieiinieviunarmaioasesinasns 23

8. Bivperbolic FUOEUIGHS .. oo cvvsios wonition srs ot v sudidiangu s soe SEsibe oashbiaiied OUs L IE

9. Solutions of Algebraic BEqQuations ... ....ceeisoesuvesessnsassonn s tiunilssvysis e -
10. Formulas from Plane Analytic Geometry ............coiiiiiiiiiiiiiiiiiin, S
10 e She il PIane CUINeST | i i s vam e i o niy e a o a e < ot e el o eI el o 40
12. Formulas from Solid Analytic Geometry ..........c.oovriiiiiiiiiiiiiiiiiiiin. 46
I8 TeFivaliven o o T 0 b e s e g = s o SRR 53
0 Todefinite Diteerals oo .. ... oauis o min it s s s lane e e s s e 57
18 S DIRERE EORRTTRIN. i vcoonion st mmn o i s iy S o ST e RN NDy Mol e W L iy e a4
18 The Gamrmin FUnebiBi .o o onmi s sisin e fauion 3o sosu o o in s e s o Bt 2o le 101
170 The Betn ONCLION S5l oo i bl wrn s s S Mo e e Sl s sl e 103
18. Basic Differential Equations and Selgtions ............c..coiiiiiiiniiiiiiannan, 164
1975 BRFIER OF aStEIba. . oo oo ciin smivags oot s mion s o S e S e H5n o it o s o o 107
PP v S o R - ST O L¢SSO s 110
21. Bernoulli and Euler Numbers ..............coorvetsianinnaincennmoiiannercsens 114
22. Formulas from Vector Anslymia .. ...............cc0iiirrenriniiiionarancasiianeias 116
29, Fouriar SEPIeR . ... ... nnsisasoneitene donianoon cinonans e sivaeanlenissa sy oty haeey 131
24. Bessel Funchions ...............ccoiviuvnsne e e s B AR S L1386
25. Lepgendre Functions ..........cccciieiiiciniiiieroresiocironenninaninens e
26. Associated Legendre Functions .. .. .........cooveeiviiniiiioniiinnn voa e A
97. Hermite Polynomiala. ... . ... 0005 i ahensadensasiou s PE R S F A
28, Laguerre Polynomials ... ..coveriiicianane.. S e | e s 153
29. Associated Laguerre Polynomials .. ..ovvvonnrniiiiiiiniiiniiiniiieeniiiiiiian., 155
30. Chebyshev Polynomials............ e Mo L AT . .157



3'1_'-
33
33.
34,
a5
36,
37.
38.
39.

-41.

CONTENTS

Page
Hypergeometric Funetions ........... S S B L Sl o 160
Laplace Transforms ...... e e e SR e s 2 e e O AL 161
ot PRI OPIaN . oone i e e s A s s LR R S ... 174
Elliptic Functions . ......cc.conees et A PRt o N O G S 179
Miscellaneous Special Functions ............... o RN O ek SRR
Jnequalitied .. . .. oue i i S e g N it 185
Partial Fraction Expansiong...... o ity ot e e S e BT
Inifitite Praguohs ... o it mm veinn sl at Slee Sl b cee) liets SR Sk B ek .vr. . IB8
Probakility Distributions .............. Lo ek e L e RS S e i et e g 189
Special Moments of Inertia..................... ... e T e i s 180
Comversion Factors. i e a s b e v it w B S Lo

Sample problems illustrating use of the tables.............. e e Dl e T 194
1. Four Place Common Logarithm .. codiin s it cmii i oe snsn s o sns b 5o ea s e 202
2. Four Place Common Antilogarithma, . ... it it iismninvnvanseiniiionas 204
3. Sin# (zin degrees and minutes) ...... e e Ve, T S AR e r s AR L e e A 206
4. Cosz (% in degrees and minutes) .................... TR 8 e Sl S s 207
5. Tanz (xin degreesand minutes) .........coocoiiiiiniiiniiiaiiinines - 7 il .. 208
6. Cotx (vindegreesand minutes) ................coiiiiiiiiaiiiiinns A B A 209
7. Secz (2 in degrees and minutes) ................ el L O SR e L 210
8. Cscz (2 indeégreesand minutes) ............c.covivinnn, i s b e P RN £ |
9. Natural Trigenometric Functions (in radians)................coooiiiiin R

10. logsin# (x in degrees and minutes) ... .. REE 1 i ot e SR S G cerr. 216

11. logcosz (2 in degrees and minutes).................. T s, R e 218

12. logtanz (rin degreesand minutes)...........c.cociiiiiiiiiiiiiinn S e ... 220

i3. Conversion of radians to degrees, minutes and seconds '

or fractions of adegree........... i S e e e st e Ll

14. Conversion of degrees, minutes and seconds to radians ........... WA e Vi 22D

15. Natural or Napierian Logarithms log.z or In2............ ey eese RS .. |

16. Exﬁonential functions e ...... Ry — R T o N s ke AR

17. Exponential functionse™=....... S e N i S S Cideesssqesesns 227

18a. Hyperbolic functiongsinhz .........ccviievaiien o BN L S e A s 228

18b. Hyperbolic functions ecoshz ....... A R o R L B L s e e

18¢c. Hyperbolic functiopztanhz ................... T e



CONTENTS

Page
VT T e 1 b LA e e e et R e e e Sl e L L 234
20 Ganmnn Funetion, sy, s st e dnles Sl s el sl s is e b 234
8y, Binorminl CobHiCIEntS oo e ottt oo = i s s iy Smn oo w e e R Ao e R A 236
22. Squares, Cubes, Roots and Reciproecals ......... ... i T 238
38 Compound Amoint: [E$0)%. . oo B0 00 s mrrin s s e o Sk e 240
24. Present Value of an Amount: (L4 7) . ¢ cciaiinrrmriuinsviionaduinsnassssanssiaans 241
25. Amount of an Annuity: Mr—i—l .............................................. 242
26. Present Value of an Annuity: —1——_@2 ....................................... 243
27. Bessel functions Jo(&). .. ....oiveniiiiiiiiiii i 244
28 Bessol PnretionsJilo). . o imt s o it e e SRt e e A e i o 244
29, Beaael TaBetions Toltl) - o .« «ovnnils van ooy waiwie i wias ¥ arsnis vs Suimaiaiainls = sisis s st o aisin o8 245
30. DBessel functions Yi(z) ...... TP R R S R R R R 245
31. Bessel functions Jo(&) ... .oovveennieenninnn. o A R LA w s 246
32. Bessel functions Ii(x)..... R S e e e IS R R S anh 246
33. Bessel functions Ko(®) .....o0viviiivinenineninnns B e b i R M 247
34. Bessel funotions Ko(2) .- co e i, vnneinasins s e e e e e 247
35, Bessel functions Ber(Z) ......ccooivinicieiiniivnnsmsasnnnans R N E ey T 248
86 Bopnal TRnCtnng BelE). [ v v oy oo a s oo o iy LS S bt sl k™ s Shoaon o'y iy b 248
37. Bessel functions Ker () .....coveieenmennoransins St SR B o 5 sl 249
38 Bosvoel fonetions Keile) . .. .ovvieeiinorpnssimnis sbadibsnaiiooe s sis shiaeyssssnissals 249
39. Values for Approximate Zeros of Besgel Functions.... e e TR Binc g S IR 250
40. Exponential, Sine and Cosine Integrals ........... T IR AR Pk b 251
41, Legendre Polymomiinls Pull) .o el e sms s in oataamin siyaiin v v onies bnmiars s aen soin 252
42. Legendre Polynomials Pa(CoS0) . .ovviuerrinmiossieeriaiisisisansassesonotnnnnn 253
¢3. Complete Elliptic Integrals of First and Second Kinds ...... £ I e T 254
44. Incomplete Elliptic Integral of the First Kind............cooiviiininiiniiiiinn. 255
45, Incomplete Elliptic Integral of the Second Kind . ........covviiiniiiinniiiinnnes 255
46. Ordinates of the Standard Normal Curve.............comniiiiiiiiiii .. 256
47. Areas under the Standard Normal Curve.......... B e e R S Ol s 257
48. Percentile Values for Student’s ¢ ]jistribut'io.n: 3 ey S S P i e 258
49, Percentile Values for the Cki Square Distribution ....... ... ... ..iiiiiiniiann 259
50. 05th Percentile Values for the F Distribution <. ... o oiinniiiiiiiiiiiiiiiies 260
51. 99th Percentile Valuen for the F Distribution . ... ... ooniniiiiiiiiiiiinar e 261
82, Raadom NUmDOTS. ..o 0eeeerseenreneoesiioen LRt P ey e 262
Index «f Special Symbols and MNotaticrs. . ....ooooinivnin o e e e e 263



Part I

 FORMULAS



THE GREEK ALPHABET

Alpha ] a A

Beta B B Xi : =
Gamma oy T Omieron ° 0
Delta 8 A Pi T I1
Epsilun.. € E Rho p P
Zeta ¢ 2 Sigma ' p b
Eta Ul H Tau T T
Theta ] e Upsilen v Y
Iota . 1 Phi ) &
Kappa & K Chi X X
Lambda | - A A Pai & ! ¥
Mu B M Omega m» Q




1.2

1.3
1.4
1.5
1.6
1.7
1.8

1.9

1.21
1.22
1.23

wall
b
£

1.25
1.26
1.27

7 = 3.14159: 26535 89793 23846 2643. ..

¢ = 2.71828 18284 59045 23536 0287... = lim ( i %)"

= na\tural ba.__se of logarithms
= 1.41421 365623 73086 0488. ..

1.732065 08075 68877 2935. . .

2.23606 79774 89789 6964. ..

2 = 1.256992 1050. ..

s S

T = 1.44224 9570. ..
VZ = 1.14869 8355...
VE = 1.24573 0940. ..
" = 2314089 26327 79269 006. ..
7¢ = 22.45915 TT183 61045 47342 T15. ..

15.16426 22414 79264 190...

Il

o
Togio 2 = 0.30102 99956 63981 19521 87889. ..

logyy 3 = 0.47712 12547 19662 43729 50279. ..

logyo ¢ = 0.43429 44810 03251 82765. ..

log,gw = 0.49714 98726 94133 85435 12683. ..

log, 10 = In10 = 2.30258 50929 94045 68401 7991. ..

log, 2 = In2 = 0.69314 71805 59945 30641 7232. ..

log, 8 = In 8 = 1.09861 22886 68109 69139 5246.,.

v = 0.57721 56649 01532 86060 65612... = Euler's constent
= lim (1 +-§-+§+ +%—lnn)

e¥ = 1.78107 24179 90197 9852. .. [see 1.20]

Ve = 1.64872 12707 00128 1468. ..

V@ = T(§) = 1.77245 38509 06516 02729 8167...
where I' is the gamma function [see pages 101-102).

r(4) = 2.67893 85347 07748...
r(3) = 3.62560 SS0B2 21808. ..

1 radian = 180°/r = 57.29577 95130 B232...°

1° = /180 radians = 0.017456 82925 19948 28576 92. ..

radians
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2

2.1 z+y)? = 224+ 229+ 92
2.2 (2—y)? = 2t —2zy + y2
2.3 {44 = x% 3z2y + Bxp® + ¢

24  (z—y? = &8 — Baly 4 Juy? — 8

25 (p+y) = o+ daVy + 6atyt o+ dayd + gt

2.6 (z—y)t = zt— 42y + 622 — doy?® + ¢4

2.7 (z+p)f = =8+ bady + 102%2 + 10252 + bxyt + 4

28 (g =)t = 8 — Bty + 10252 — 102%° + Bzyt — o5
29  (z+4) = 0+ BaSy + 1528 + 202%° + 15234 + 6zyS + P
2.10 {(z—y)8 = 28— 828y + 16232 — 200™® + 152231 — BoyS + 4°
The results 2.1 to 2,10 above are special cases of the binomial formula [see page 3.

it

2.11 22—yt = (z—ylz+y)
212 22— = (z—yiattay+?)

2.13 ad + g = (24 y)(22—zy+ 42

214 = = (r-yE+RE+d)

2.15 # =y = {g—y)et+ 2y + %t + 2yt )

2.16 28+ S = (o4 y)(zt— 20y + 2% — a2y + )

217 % — gyt = (z—y)z+ y)ad+ 2y + yB) (22— a2y + 1Y)

218 b+t = (@24 zy+yfie? - oyt yd
2.1¢ zt + dyt = (224 22y + 29%)(2® — 2ay 4+ 29

Some generalizations of the above are given by the following results where 7 is u pogitive integer.

220 gintl — gin+l = (e — yl(x2e 4 gin—ly + Fn=2yl o oo o g

2% ) 4
(z—w) (zﬁ - 2my cog5——y + ya>($2 - 2zy cosg—y + w)

2nr
PR B
(z %ycosgn 1 e y’)

2.21 am+ o gintd {z + )z — gin—ly 4 pin=2y o .. 4 yin)

il

e 4
{z + %) (22 + 2y GDBW + yﬁ)(xﬂ + 2oy cos_éﬁi 3 yg) -

2nr
R 2
(z +2xye032 1+3,¢)

2.22 ain — gyl = (x — yNx + y}xr L + 22y + P T S T It T L e R

(@ = w)l= + ¥ (,;2 — Zay ms% + yz)(:& — Zzy cm% 3 ye)

il (mz e Exycm(j!';u!‘hr- + yz)

3
(:tg -+ 29:1(-:05%'; - W)(m’ + 2=y cosﬁ+ yﬂ)

---(w“ ot Mcwm;‘”’r + W)

2,23 zin 4 g

2



I n=1,2,8, ... factorial n or n factorial is defined as

3-1 q! = 1:2+3e:-:2q

We also define zero fuctorial as
3.2 0! 1

I aw=1,28,... then
= =1 e g a2
3.3 @+y)» = % +nanly + E(”m—nmu z_yz_g.“':“’ :”” LA o S

Thiz iz cailed the binomial formulz. It can he extended tc other values of » and then iz an infinite series
[see Binomial Series, page 110}.

The result 3.3 can also be written

G _ =
2 e = e (Dt (D (D s (D
where the coefficients, called binemial cvefficients, are given by
3.5 n _ ar=1m—2)--(m—k+1) _ ! e n -

P Bt T k! T -k T \n—k



4 THE BINOMIAL FORMULA AND BINOMIAL COEFFICIENTS

o (:)+(k:1) = (::i)

This leads to Pasdal’s iriangle [see page 236].
o

v @ @) - e
-0l = o

R Cs Ly it et
v () (D) =
e
Q@ () -

o (X0« (K2 + R €2
s o) + @)+ o(g) + o+ w(l) =

3.15 (I)G) = (2)(:) + {s)(;) = ---{---1)«41(11)(:) =

n! iy
e e b |
mlm‘g!---nn!xl %, z,

3.]6 (31"'9’2*‘ e -}-xp)'n = 2

where the sum, denoted by 2, is taken over all nonnegative inbeg_grs My, Ny, - - 5 My for which

ﬂ.1+ﬂ3+ "'—f-u)’?n_



4.1 Area = ab

4.2 Perimeter = 20 + 2b

4.3 Area = bh

4.4 Perimeter

2a + 26

4.5 Arca = 1bh = jabsing
. = Vsls—als—~b)le—¢)

where s = 4@+ b+ c).\‘~\= semiperimeter

4.6 Perimeter

a+b-+te

4.7 Aves = iala+ )

48 Peric

; 1
1. !
o2l b‘-rh<sin:ﬁ Zin g
a+ b+ hiesc g + cacg)

i

R

)

L5




6 GEOMETRIC FORMULAS

e 2 oot = Lnhe 08 (m/n)
4.9 Area 4nb?cot e nb sin (z/n)

4.10 Perimeter = nb

Fig. 4-5

4.11 Arean = gzr?

4.12 Perimeter = 2rr

; Fig. 46

418  Area = L% [ in radians]

4.14 Arclengths = ¢

_ Va(s—a)(e—d)e—2o)
3 ]
where & = 3(a+ b+ c) = semiperimeter

4,73

4.16 E = ape
4/ e(s — a){a — b}z — &}

where &= ffa+ b+ ¢) 7 semiperimeter




GEOMETRIC FORMULAS T

= nEE = 860°

417 Area = J1w?sgin A 4nr? sin o
1 3

&.18 Perimeter = Znr sinf = Znrsin 12;:)

=]
419 Area = nr? tani- = m@tan}—g‘:l-
5
420 Perimeter = Znrtanl = 2nrtan “:?

421 Arves of shaded part = {r2(s—sing) -

422 Area = wab

/2
4.23 Perimeter = 4a ' 1 — k% ginZa ds
[

= ZrVila+ b7 [approximately]
where k = Va? — b%/a. See page 254 for numerical tables. Fip. 4-13

4.24 Area = joab

(4¢+ \/u+15¢=) *
b

4.25 Arclength ABC = }VbE+160% + g’;}n



8 GEOMETRIC FORMULAS

4.26 Volume = ahe

4.27 Surface area = 2(ab+ ac+ be)

428 Voume = Ab = abodns

4.29 Volume = -gm-a

4.30 Surface area = dpr?

Fig. 4-17

4.31 Volume = or2h

4.32  Lateral surface area = 27k

OF RADIUS 7 |

433 Volume = zr2h = orilsineg

2orh
sin g

i

4.34 Lateral surface area . Zori = Qovk cst b

Fig 4-12



GEOMETRIC FORMULAS 9

Volume = 4h = IAlsina

4,36 Latersl surface area = pl = Ei—’:"; = phesce

Note that formulas 4.31 to 4.34 are special cases.

4.37 Volume = Zlar2h

4,38 Lateral surface area = wrVr2 4+ h* = orl

Fig. 4-21

4.39 Volume = 34k

Fig. 4-22

| SPHERICAL CAP OF RADIUS » AND HEIGHT %

4.40 Volume (shaded in figure) = sk 3r—Fk)

£ 4% Surface area = Z2rrh
Fip. 4-23
FRUSYRUM OF RIGHY CIRCULAR CONE OF. RADH o, b AND HEIGHT h

.42 Volume = Lrh{a?+ab+1?%)

4.43 Lateral surface area = zle+b VA + (b ~ )R

=l b




10 GEOMETRIC FORMULAS

4‘“

Area of triangle ABC = (A+ B+ C ~ )2

445  Volume = Ir3u+ b)(b— a)?

3k 446  Surface area = 7%{d2—a?)

Fig. 4-25

4.47  Volume = . $wabe

Fig. 4-27




Triangle ABC has a right angle (80°) at C and sides of length a,b,e. The trigonometrie functions of
angle A4 are defined as follows,

3.1 sineof A = sind = '—:— = _M-—hyputet;?u B
52 cosineof A = cosd = % = ?ﬁ&:‘%
e
53 tangent of A = tand = %’ = %g?;%i o
5.4 cotangeni of A = cotA = 2 = % . I—G
b
5'.5 gecantof A = gecd = % = %ﬁ
56 sobcrnt ol A =eRn A = E e h%ﬂppﬂ:;::e Fig. 5-1

Consider an xy coordinate system [see Fip, 5-2 and 5-3 below]. A paint P in the xy plane hag coordinates
(#,y) where # is conszidered as positive along OX and negative along OX' while y is positive along OY and
negative along OY’. The distance from origin O to point P iz positive and denoted by = = Va2 + 2.
The angle A described counterclockwise from OX is considered pesitive. If it is described elockwise from
OX it ia considered negative. We call X’0OX and Y'OY the » and y axis regpeetively.

The various guadrants are denoted by I,II, III and IV called the first, second, third and fourth quad-
rants respectively. In Fig. 5-2, for example, angle 4 is in the second quadrant while in Fig. 5-2 angle 4
is in the third quadrant.

Y ¥
I 1 11 1
Pz, %) A ;
y A
X i . X x Al X
£ |0 o 0
r
Pz, )
1111 w I v
¥ v

Fig.5-2 Fig.5-3

11



12 TRIGONOMETRIC FUNCTIONS

For an angle 4 in any quadrant the trigonometric functions of A are defined as follows,

5.7 sind = y/r
5.8 cosd = z/r
3.9 tand = yfalz
5.10 cotd = afy
5.11 seed = rfz
5.12 csed = vy

, N
A radign is that angle ¢ subtended at center O of & circle by an are
MN equal to the radius ». r
Since 2r radians = 360° we have M

~ 5.18  1radian = 180°/r = 57.20577 95130 8232...°

5.14 17 = z/180 radians = 0.01745 32925 19948 29576 92. . .radians

Fig.5-4

515 tan4 — End 5.19  sinfA + cos?4 = 1
cos A
1 cos A
= = L 2 — o
5.16 cot A ey == 5.20 sec?d —tanfd = |
517  secd = 1 521  cse?d —cot?d = 1
cog A
T
5.18 esed = Ty
Quadrant sin A cos A tan A eot A goc A ese A
1 + : = +: + e LT
Otol 1ta0 0 to = = to 0 1to @ to 1
5 + w = i e e 5
1toD 0 ts —1 —o to @ 0to—= | —w to —1 | 1to =
Ii} — 3 i 4 e =
B 0to -1 s o 5 0to = = to 0 -1 to —= —m fo =1
v = i3 = = o )
—1tal Ctal —t0 fy Y .. 0ty —ne % to 1l ~1 to ~=>




TRIGONOMETRIC FUNCTIONS

oM

S

13

OF VARIOUS ANGLES,

i: geg;:eﬁ ir‘? :fé?aﬁa sin A G- tan A cot A sec A ese A
0° 0 0 L 0 w | 1 ®

e | w2 | HVE-VE) | JVE+VE) | 2-VB | 24V | Vi-VE | VE+V2

80° #/6 % 43 33 V3 $V3 2

45° w/4 V2 1Ve 1 1 V2 V2

80° w/3 13 3 | VB 3VE 2 33

76° br/12 | 3WVE+VE) | 1VE—-VE) 1 2+vE | 2—-v3 | VE+VE | V-2
90° /2 1 0 Zw - | R e 1

105° whe | J0V/E+VE) | —1VE-VE) | ~@+VE) | ~@-VB) | —(VB+V2)| VB-V2
120° 2w/3 13 4 - ~V3 | —4V3 ~2 33
135° 8r/d 2 ~4V2 S A -V2 V2
150° 5u/6 ! ~4v3 ~4V3 -V ~3v3 2
165° 112712 | 36/6-VZ) | —30V/6+VE) | ~@-V3) | —@+VE) | -(VE-V2)| VB+ V2
180° = 0 -1 0 Fw -1 e
195° | 1312 |—3(VE-V2)| -1(/E+V2)| 2-VE | 2+4VE | -(/B-V2) | -(/E+V2)
210° Tri6 ~4 ~4V3 R EVEY Ve -3V3 -2
225° Br/4 -2 ~4/2 1 1 —/% )
240° 4= /3 -3V8 ~3 V3 1v3 -2 —-3V3
o550 | 1Az |~40/6+VE) | ~46/E-VE) | 2+VE | 2-VE | —/B+VE) | ~(E~VE)
270° 37/2 -1 0 +o 0 T -1
250 | 112 [30/B4VE)| 40E-VE) | ~@+VE) | -@—VE)| VE+VE | -/B-VE)
et il ~§/8 } V8 | —4/8 2 ~33
3150 Tn/d -3V 1V/2 =1 -1 & —V2
280° 1116 -~ W3 —§V3 ~f3 23 -2
2457 gi-i18  |-HVE-VE) | JWESVE) | —@-VE) | =8 7y [ VE =2 | —1VE +VE)
360° ¢ 1 0 Eome 1 5

For tables involving other angles see pages 206-211 and 2:2-216.
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In each graph 2 is in radians.

Fig. 5-6

Fig. 5-5

¥ = cotz

5.25

= tanz

5.24

Fig.5-8

Fig. 5-1

¥y = secx
y
\j
1

cEC X

5.27

5.26

Fig.5-10

Fig. 5-9

= —tend

tan (—4)

5.30 -

cos(—d) = cosA

5.29

—gind

gin (—4)

5.28

= —ceaeAd

ese (—A)

1

3

5
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534 sin(A+B) = sindcosB = coud sinB
5.35 cos(Ad*B) = cosAcosE = sinAsgin®
_ tand *tanB
S8 tand=B) = T A tenB
537 LA = cotd cotB =1
e cot B = cotA

90° + A 180° = A 270° = A k(360°) = 4
—4 T4 _— 3r 44 2k = A4

2 : 2 k = integer
gin —sind con A Feind —cos A =gind
cos cos A Fsind —cos A *gind cos A
tan —tan A Feotd *tan A Foeot A =tand
£sc —cae A sec A Fesc A —secd *eacd
sec see A FescA —gec A *ese A sec A
cot —cot A Ftand = gob A Ftan A *cot A

sind = u cosd = tand = u cot A =u seed = u ese A = u
gin A u 1—u? w1+ u VI m,‘m iu
cos 4 \{i—-—u‘ % lixm W'm 1fu 22— 1/
tan A /1 —ut Vi1 —12fu % 1/% uZ— 1 Vel —1
sot A Vi—uilu w1 —u? 1u % i1 ut—1
sec A VI —u2 ' 1w Vit+u? m{u w 3 wiyu?—1
escd 1/u 1=t Vit Vi+ud wVuE —1 .

For extensions to other qundranﬁ use appropriate signs as given in the preceding table.
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5.38 sin24 = 2sind cosd

539 c0s24 = cos?d — sin2d4 = 1 — 2sin2d4 = 2c¢os2d — 1
Ztan A

5 S St ok s A

5.40 tan 24 I —tan? A

541 oA wa]l—cosd [+ if A/2 is in quadrant T or II
e Wi % 3 — if 4/2 is in quadrant III or IV
[+ if A/2 is in quadrant I or IV |
5.42 ccs-A- e 1+ cosd g
2 u 2 — if 4/2 is in quadrant II or III
e [+ it A/2 is in quadrant I or IIT
5.43 el = sqpiocoed Ce e
2 1+ cosd — if 4/2 is in quadrant II or IV
= gin A _ 1—cosd _ =3
= f il = TRk ~ Rk

5.44 gin34 = 8sind — 43sin%4
545 cos34A = deos?Ad — Zcosd
_ 3tand —tan®4d
i il B o ¥
547 gindd = 43ind cosd — Bsin®A cosd
5.48 cosdd = BeostAd — Beos?d + 1
. _  4tanA —dtandA
i o Ml oy i
5.50 ginbA = BHgind — 20sin®d + 16sin54d
5.51 cosBA = 16cos5A — 20cos®4d + Heosd
3.52 tanbd = 204 —10tan’d +btand

1—10tan? A + 5 tan*d

See also formulas 5.68 and 5.69.

5.53 sintd = § — }cosfd 5.57 sintA = § — feos24 + §eosdd
5.54 cos?d = § + }eosZ24 558 costdA = § + jcosBA + feosdd
5.55 sin4 = #gind — 4sin3dd 5.59 sin? A = §sind — 5 sin34 + L sin5d

556 cosA = §feosd + §cos3d 560 costA

Bcosd 1 5 cosid + A cosBA
See also formulas & 70 through 5 73.
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5.61 sind + sinB = 2 sin}A+B) cos §(4 —B)
5.62 ' sind — smB = 2cos}(A +B)sin }(4 —B)
5.63 cosA + cosB = 2cos}(A+B)cos j(4—B)
5.64 cosA — cosB = 2sin}(A+B)sin}(B—4)
5.65 sindsinB = 3{cos(4—B) — cos(4 +B))
5.66 cosA cosB = Jlcos(A—B) + cos(4 +B))

5.67 sind cosB = &{sin{d —B) + sin (4 + B)}

5.68 ginnd = sind {{2 cos A1 — (w. ; B) (2eos d)r—9 + (n; 3) (2 cosd)n—8 — -- }

369 cosmd = %—{(200&4}“ - ’—1‘(2 cos A)n-2 + g("" 3){2 cos A)n—4

1
. g(n;")(ﬂcomé)“'s & }
570 sin?lA = {—;—:“L:—l{ain @n—1)4 ~ (2n;1)sin(2ﬂ.—3)fl + o t—vl}"-llii“:ll) sinA}
571 cos™n-lA = 22"1_2 {eas@n—l}.‘i + (2“{'1>m(en—3)4 e (‘1‘1?:11} cosA}

—1)n ’ \
572 ginrd = 2%(2?:1) + ;2“1_}1 {cos?n.fl = (zn) cos(Zn—2)4 + ++- (-—1}n-«1(ﬂ2_“1)cos EA}

1
) )
573 cos?r 4 = E%(ﬂ;) + 22:_,1{::032:&1 + (217") cog 2n—214 + -+ + anl)‘m?"*}"

1f = =siny then y = sin~!x, ie. the angle whose sine 8 © or fnverse gine of z, iz 2 many-valued
function of z which is n collection of single-valued functions called branchesz. Bimilarly the other inverse
trigonometric functions are multiple-valued.

For many purpeoses a particular branch is required. This iz called the principal branch and the values
for this branch are called principal values.
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A

| [V

o o 4 mle o

A

sin~lg = ¢

cos iy =

tan lax <

cot=1x

gec lx

I,

A

ese~la =

w2
—x/2
/2

Principal values for' x < 0
—r/2 S sin~lx < 0
<coslz S
< tan~1lz < 0
< eot—lz < o
< gec—le = ¢
= ese~ iz <

In all cages it is assumed that principal values are used.
5.80
5.81
5.82
5.83
5.84
5835

5,74
575
576
577
578
579

sin—lg + cosla =

tan !z + eot~lz =

gee=ly + egelz =

cae~lay =

sec !z

It

cot~1x

w2
/2

/2

gin—! (1/x)

cos~1(1/x)

tan—1(1/x)

sin—t(—x)
cos—? .I(—w}
tan—1(—x)
ot~ {—x)
so¢ L (=)

cse™ 1 (—ax)

—gin~tw
T — cosTlax
—tan~'z
7 = pot~lx
v — sec 12

—ehie=t o

In each greph v is in radians. Selid poriions of curves correspond to principal values.

586 y = sin~lz 587 gy = cos~lax 588 4 = tan~lg
Y e ¥
T
N
\\
\. F'__lf//
/2t H /2 gy
4 x . R . x
TR e -1 0 o
!
7
o
—zi24 —rf2 b — =
\‘ / wf2 ,_",
\ /
N i
\\ I‘I’ e
25 5 [ ~rt
Fig. 5-11 Fig. 5-12 Fig.5-13
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589 y = cot™lz 5.90 ¥y = sec—lx 5.91 ¥ = ese~lz

u ~ ¥ 2 o

e T T T e
"""-..__' -
& _’/ 'f/
/2 .
/2 e H—\\;, 0 z
} LS
; =
—o/2 B ~s/2%

The following results hold for any plane triangle ABC with

sides a, b, ¢ and angles 4, B,C. A
5.92 Law of Sines
s e ol e b
sind  sinR ~ sinC
593 Law of Cosines g e
2 = a2+ b% — ZabeosC
with similar relations involving the other sides and angles. g
94
5.9 Law of Tangents wtd  tand+P) B
w—b  tan}(A—B)
with similar relations involving the other sides and angles. Fig. 5-17
5.95 gind = -%\fs(s g Y

where 8= }{a+b+e¢) is the semiperimeter of the triangle, Similar relations involving angles
B and C ean be cbtained.
See also formulas 4.5, page b: 4.13 and 4.16, page 6.

Spherical triangle ABC is on the surface of a sphere as shown
in Fig. 5-18. Sides @, b,¢ [which are arcs of great circles] are
meazured by their angles subtended at center O of the sphere. A.B.C
are the angles opposite sides o, ¥, c respectively. Then the following
results hold.

5.9 Law of Sines
sing _ sink _ smiac
sind = sinB sin C

587 Law of Cosines
cosg = cosb coze + sinb sinccos 4
cosd = —cosBoeosC + sinBsinCcose
with similar results involving other sides and angles. Fig.5-18




20 - TRIGONOMETRIC FUNCTIONS

598 Law of Tangenis
tan }(4 + B) tan (e + b)

; _ TnjA-B) ~ tanja—1b)
with similar results involviag other sides and angles.

4 _ 1fsir~_rsilz_£?:ﬁ
559 ke T sin b sin ¢

where 8 = }a+b+¢c). Similar results hold for other sides and angles,

s @_S(S—B) eas (S — C)
5.100 R \ sin B gin ¢

where S = §(A + B+ C). Similar results hold for other sides and angles.

See also formuls 4,44, page 10.

Except for right angle €, there are five parts of spherieal triangle ABC which if arranged in the order
as given in Fig. 5-19 would be o, b,4,e, B.

c 3

co-B

¢
[

Fig. 5-19 Fig. 5-20

Suppose these quantities are arranged in a circle as in Fig. 5-20 where we attach the prefix co
lindicating eomplement] to hypotenuse ¢ and angles 4 and E.

Any one of the parts of this cirele is called a middle part, the two neighboring parts are called
adjacent perts and the two remaining parts are called oppesite parts. Then Napier’s rules are

5.101 The sine of any middle part equals the product of the tangents of the adjacent parts,
5.102 The sine of any middle part equals the product of the cosines of the opposite parts,
Example: Since co-A = 60°— A4, ¢o-B = 80° — B, we have

gine = tanb tan(co-B) or sina = tenbecotB

sin (co-4) = cosa cos (co-Ii) or cosd = cosasinli

These can of course be obtained also from the results 6.97 on page 19.



A complex number is generally written as @ + bi where a and b are real numbers and 4, called the
imaginary unit, has the property that = —1. The real numbers o and b are called the real and dmaginary
parts of a + bi respectively.

The complex numbers ¢ + &i and ¢ — b1 are called ecomplex conjugates of each other.

6.1 a+bi = c+di ifandonlyif a=c and b=d

I
—
=
|
=
+
&
=
|
2
-,

6.3 (@ + bi) — (e +di)

e+bi _ atbi_e—idi ec + bd be — ad) . -
8.5 . = 1

+ e

Note that the above operatiens are obtained by using the ordinary rules of algebra and replacing 2 by
—~1 wherever it occurs,

c+di  ec+di e—di G+

21



22 : COMPLEX NUMBERS

_ A :pmpléx number o + & can be ploited 25 & point (a,b) on an Y
@y -plane c¢alled an Argand disgram or Gaussian plane. For example
in Fig. 6-1 P represents the complex number —3 + 44,

A complex number ean also be interpreted as a weector from
0 to P. :

L

number z + iy. Point P ean also he represented by polar cosrdinates

In Fig. 6-2 point P with coordinates (z, i) represents the complex v {
(r,8). Since & =rcoss, ¥y =rsine we have

6.6 x4+ 1y = r{coss + igineg)

called the polar form of the complex number. We often ecall r = /a2 -Ih:l;i
the modulus and ¢ the amplitude of x + iy,

6.7 [ri{ecos 8y + i 5in 8))][ro(cos 8, + i singy)] = ryrofcos (e + és) + 18in (8 + ¢,)]

ry(cos &; + 1 s8in &)
ra{cos d; + 1 sin dy)

6.2

=L eos (9, — 09) + i sin (0, = 43)]
2

{ » is any rea! number, De Moivre's theorem states that

6.9 [ricos g + i sing)}P = »P(cos pé + 7 sin ps)

If p=1/n where n is any positive inteper, 6.9 can be written p
8 + 2kw
e

& -+ ke
A iR
n

&10 [rlcos s 4 i gin@)jt/n = piin [c + isin

where k is any integer, From this the n nth roots of a complex number ean be obtained by putting
=612 ... 52—1



In the following p, g are real numbers, a, b are positive numbers and m, n are positive integers,

7.1 aP el = gP+a 7.2 affal = qP-1 7.3 (aP)3 = grd
7.4 =1, a#0 7.5 g~ P = 1/aP 7.6 (ab)? = grb®
77  Va=atn 7.8 \am=gmin 79  Vab = Vel Vo

In &?, pis called the exponeni, ¢ is the base and af is called the pth power of o. The funetion y = o
is ealled an exponential function.

If a» = N where e+ 0 or1, then p = log, N is called the logarithm of N to the base a. The number
N = a® is called the antilogarithm of p to the base @, written antilog, p.

Example: Since 32 =9 we have log,9 = 2, antilogz2 = 0.

The function y = log,« is called a logarithmic function.

7.10 leg, MN = log. M + log. N

MR :
711 log, Ay - log, M — log, &
712 log, MP = plog, M

Common logsrithms and antilogarithms [also called Briggsian] are those in which the Hase! &= 10:
The common logarithm of N is denoted by log;, N or briefly log N. For tables of common logerithms and
entilogarithms, see pages 202-205. For illustrations using these tables see pages 194-1986.

23



24 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Natural logarithms and antilogarithms [also called Napierian]) are those in which the base a=e¢=
2.71828 18. . .[see page 1]. The natural logarithm of N is denoted by log, N or In N. For tables of natural
logarithms see pages 224-226. For tebles of natural antilogarithms [i.e. tables giving e= for values of ]
see pages 226-227. For illustrations using these tables see pages 186 and 200,

The relationship between logarithms of a number N to different bases a and b iz given by

o 1ng N
7.13 ) log. N = T
In particular,
7.14 log, N = InN = 230268 50820 94... logyq NV

log N = 0.48420 44819 03... log N

il

7.15 logyo N

7.16 e = cosg + ising, e~ = cosé — iging

These are called Euler’s identities. Here i is the imaginary unit [see page 21].

s
7.7 sing = S
: —ig
7.18 coso = SEI
- : R e
L tand = FErew = ﬂ(m)
fa® 4 g 10
7.20 cotd = 1(;;.—-_:—3_—,-;)
2
7.21 seed = FIH
7.22 cgch = 3-5-_2—-2__—‘9

7.23 gHo+EkT = it k = integer
From this it is seen that ¢% has period 2mi.
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OLAR FORM OF COMPLEX NUMBERS EXPR SSED AS AN EXPONENTIAL

The polar form of a complex number = + iy can be written in terms of exponentials [see 6.6, page 22] as

7.24 o+ iy = v(cosa +iging) = rei®

Formulas 6.7 through 6.10 on page 22 are equivalent to the following.

7as (rie®i){roei%s) = ryroethtés)
8 /
| 7.26 T = D
raeis - ny
7.27 (re¥)p = yoeiv? [De Moivre's theorem]|
7.28 (ref®)iin = [pel04Zkm|im = piingils+m/n

7.29 In(re®) = Invr + i0 + 2kvi k = integer



8.2

84

8.5

8.6

Hyperbolic sine of x

Hyperbolic cosine of x =

Hyperbolic tangentof z =

Huyperbolic cotangent of x =

Hyperbolic secant of x =

Hyperbelic cosecant of z =

sinhzs =

coshe =

tenhz =

cothz =

sechx =

ecschz =

et — g ¥

& te?

e+ e

& —6%

et 4 g%

o

a7

8.9

8.11

§.13

tanh x

coth o

sech @

csch

cosh? & — ginh?z

sinh x
cozh =

1

cosh @

tanh z

o 720
cosh x

¥

il
sinh a

|

sech®» + tanh?x =

coth? 2 — egch?z =

sinh x

8.4  sinh(—=x)

8.17  csch(~=%)

— ginh x

—csch

8.18

cosh (—x) =

gech (—z) =

sech z

ﬁmh {=a)

coth (—x)
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8.20 ginh(x=y) = sinhzcoshy = coshz sinhy

821 cosh{z*y) = coshzcoshy * sinhzsinhy
22 : +,) = _tanhz*tanhy

5 tash(#*9) = 753 W% tanhy

8.23 coth(z=y) = Sthocothy =1

cothy = cothe

| 't?mi"mg ANGLE FORMU

8.24 ginh2r = 2sinhz coshz
8.25 cosh2z = rcosh?z + sinh2z = Zcosh?zx —1 = 1+ Ssindlx
8.26 iR o, e R

1 + tanh®zx

HALP A

8.27 sinh? = = ﬁ’;—-—L +if >0, —if 2<0]

coshz +1
2

8.28

e ]
o
w
=

=ik
|

8.29 tanh & = :\f'zg:—ﬁ";—} [+ifz>0, —if z<0)

sinh z .. mosha —d
eoshz +1 ~  sinhe

2.30 sinh8 = 3sinha + 4sinhdx
8.31 ecosh3xr = 4cosh®x — Bcoshz
; g
8.32 tanhgy = S1anhE LS s
B.33 I sinhdy = 8sinh®z cosha + 4 sinhx cosh
8.34 coshdxz = B8coshtz — Secosh®x + 1
8.35 tanhds = 4 tanh « + 4 tanh® »

1 + 8 tanh2 x + tanh®zx
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B.36
8.37
8.38
8.39
8.40

8.41

sinh? x

cosh?

ginh? x

cosh? »

sinh* x

coshtx

4 cosh2x — L

% cosh 2z + }

4 sinh 3z — & sinha
fecosh3dz + § cosha

4 — 4 cosh2z + } coshdx

g — 4 cosh2x + } coshdz

B.42
B.43
B.44
8.45
8.46
B.47

8.48

sinh® + sinhy

sinhz — sinhy

coshx | coshy

coshe — coshy

sinh x sinh »
cosh x cosh y

sinh & cosh y

I

= 2 sinh §(x +y) cosh =z — )

= 2 cosh §(z + ) sinh §(x — y)

= 2 cosh 4(x + y) cosh }(x — y)

= 2 sinh }z + ») sinh J(z—p)
H{cosh (x + ) — eosh (z—y)}
4{cosh (x +y) + cosh (x — )}

IHsinh (x + ) + sinh (2 —y)}

In the following we azsume x>0,

If # <0 uvse the appropriate sign as indicated by formulas B.14

to 8.19.

sinhz = & coshz = u tanhzx = u coths = » sechz = u eschae = u
sinh = % vuz—1 w1 —u? I/u2—1 v1—u?lu 1/u
cosh = V14 ud o 11— ud wlul -1 1/u V1 + ufy
tanh w1+ ud Vi —1/u 7 1/% V1—u? /1 4 u2
coth » YuZ+ 1/u wf u? B | 1rie 2%, /91— u2 V14 u?
sech i 11+ u® 1/u- vi1—u? Vu?—1/u ) w/v14 u?
cschx 1/ 1/Vu2 —1 V1—uu Vu2—1 w/yl—u? %
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' W u u
e
1
o ¢ S Resh MR o 5
________ e e
Fig. 8-1 Fig. 8-2 Fig.8-3
8.52 y = cothz B.54 ¥ = cschaz
Y ¥
—————— !u._ — e e m— —
0 b 5 E
_______ e
Fig. 8-4 Fig. 8-5 Fig. B-§

If x=girhy, then y =sinh 1z is called the inverse hyperbolic sine of @, Similarly we define the
other jnverse hyperbolic functions. The inverse hyperholic functions are multiple-valued and &s in the
case of inverse trigonometric functions [see page 17 we restrict ourselves to principal values for which
they can be considered as single-valued.

The following list shows the principal values [unless otherwise indicoted] of the inverse hyperbelic
functions expressed in terms cf logarithmic functions which are teken ss resl viluad.

8.55 sinh-12z = In{z+ vz:+1) —w << ™
8.56 cosh~12 = In(z+ VaZ—1) z=1 [eosh—1z > 0 is piirepal value]
8.57 tsrh— 'z = lln ite —-l1<e<]
2 L=
858 cotss~te = ’:!;}1‘ {l# 2 1\ #>1 cr a<-1
S P L)
8.5% o R {\% o -\J -3 = 1) e R 'wecko d@ > € dp principi] value]

8.60 el SRR GUR 7Y :
coeh—1x ir \a:+ \t,z'-‘+1 0
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B.61

8.62
8.63

8.64

3.66

B.67

HYPERBOLIC FUNCTIONS

esch—la =
sech—le =
coth—la =
sinh~! (—=)
tanh~! (—)

coth—1(—=z)

esch—1(—zx)

ginh~! (1/z)
cosh=1(1/x)
tanh~1 (1/z)
= —sinh~1g
= —tanh~ 1z
= —coth~iz

—each—1=

)

8.68 y = sinh~1z 8.69 ¥ = cosh—1x 270 y = tanh— 1z
H ¥ | ¥ |
' |
| |
| |
| I
| i
| ]
0 o1 % =T, G %
X | |
\ | |
- | l.
"
\\_‘ ] |
= [ |
| |
Fig. 8-7 Fig. B-8 Fig. 8-9
B.7i ¥ = coth~ iz 8.72 ¥ = sech~1g 8.73 ¥ = esch™lz
| g < ¥
| |
| |
| i
4 |
| |
| !
7] o | e 0
[ | 4
| | 7
i | #
| | ‘.{/
| |
i | ;
Fig.8-14 Fig. 8-11 Fig.8-12
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31

B.74  sin(iz) = iginhz
B.77 gsc (ix) = —dicschw
8.0 sinh (iz) = ising
8.B3 csch(ix) = —icscx

8.75

8.78

.81

8.84

cos (ix) = cosha
sec (iz) = secho
cosh (iw) = cosx
sech (iz) = secx

8.76

8.79

tan (iz) =

cot (iz) =

tanh (iz)

coth (iz}) =

% tanh

— i cath =

itanx

—1cote

In the.following % is any integer.
8.87

8.86 sinh {(z + 2kz1)

8.89  csch (x4 2kri)

= ginh -m

I

cache

8.%0

Il

cosh (z + 2kat) coshz

Il

sech (z + 2kxi) sech x

8.91

tanh (z + &kwi)

coth (z + kri)

LI}

tanh z

coth z

B892 gin—!(iz) = isginh—1lz
894 cos-lz = *icosh~lz
896 tan—!(iz) = itanh—iz
898  cot~1(ix) = —icoth—lz
8.100 gec~lz = =igech~Ig
B.102 cse-i(ix) = —icach—iz

8.93 ginh—1(iz) = isin~lx
895 cosh—lz = *icos 1z
897 tanh~1(x) = itan—lz
B.99 cothfl(ia:) = —ifeot lx
B101 gech-la = *isec iz
8.103 csch-1(ix) = —iese iz




 SOLUTIONS of ALGEBRAIC EQUATIONS

QUADRATIC EQUATION: ox + bz +e¢

—b * b2 —dac

i Za

e.1 Selutions:
If @,b, ¢ ara real and if U = b2 —dac is the discriminant, then the roots are

real and unequal if D > 0

()
real and egualif D=0

(if)
(i1i) complex conjugate if D < 0
If x,,%, are the roots, then »; + 3 = —b/e and z;%; = ¢/a.

9.2

_ Bayay — 2ay — Za.f

_ 8oy — o
Let Q——-—-—r v R £l :
S=ARIVEIRE, T = R- VOB

fay = 84T -3

9.3 Solutions: %y = —#S+T)— Lo, + /38— 1)

7y = —HS+T)— 3o — 1V/B(S-T)

=
If @y, 0a, G4 sre real and - O = Q3+ B2 is the discriminani, then
(i) one root is réal and two complex conjugate if D > 0

(ii) all roots aregenl and at least two areequal if D = ¢
(iii) all roots are real and unequal if IF < 0,
If D <0, computatien iz simplified by use of trigonometry.

<[z = 2V—Qcos(}0) —}ay '
2y/=Q con (8 +120°) — Ja,  where coso = R/\V/—QF

2.4 Solutions if D<0:  Jmy
£los = 2= cos (38 +240°) — }a,
o “j‘:ﬂt = —ag, | %%y T Xeg F ek = Ga,  EyNeTy = —ay

2.5

where @, =y, 74 are The three roots,

&
32
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EQUATION: a' -

Tet y, be a real root of the cubic equation
9.6 y3 — @ay? 1 (aguq — da)y + (dayey —af — olay) = 0

9.7 Solutions: The 4 roots of 22 + 1{a; =V af —dagt+dyy bz + My =V y% —4da,} = 0

1f all roots of 9.6 are real, computaltiun is simplified by using that particular real root which produces
all real coefficients in the quadratic eguation 9.7.

Byt as eyt ug = —6
58 ©1%a + Bowg + Tywy + By + 24%p + Ty = 0y
: Bydoty T plbghy + FyXaky T WMy = —ag ;
& Eelay = Oy

where ®;, &y, @y, %y are the four roots.



10.1 4 = \/(22 T ’-:1'}2 + (ys T gi)z ’ Py (g u2)

Pyl ) Itva—v1)

2
10.2 WIS sy tan s

¥— Y2 —
10. - 1 = P = =
3 e T m ey miz — a,)
i0.4 i y = mx+b
Ealy — LY 4 g .
where b = y; —mz, = %‘-———;’—2 is the intercept on the y axis, ie, the y intercept. -
- . ? — &y

a
1

34



FORMULAS FROM PLANE ANALYTIC GEOMETRY 35

10.6 reosa + ysina = p -
' where p = perpendicular distance from origin O to line
and @ = angle of inclination of perpendicular with

positive » axis,

Fig. 10-3

10.7 : An b By 0 =9

DISTANGE FROM POINT (z1, 31) 10 LIN

Az, + By + C

10.8 VAT B

where the sign is chesen so that the distance is nonnegative,

; 4 T 3
1\0.9 tan 1+ mmy
Lines are parallel or coincident if and only if m; = m,,

Lines are perpendicular if and only if my = —1/m,.

Fig.10-4

® ¥ 1 Y
10.10 Area = :% s ¥y 1 | e E1 W)

e ! (o ) =J
= EZ @yt y1%s T Yss — Ysz — ¥1% — T1Ys)

(&g, yg)

where the sign is chosen so that the area is nonnegative. >

If the area is zero the points all lie on a line,
Fig. 10-5
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(e = -2

"l.r;' =¥

Jm = e
=
where {z. 1) are old coordinates [ie. coordinates relative to
zy system], (z',¢') ave new coprdinates [relative to 2y’ sys-

tem] and (#q,¥q) are the coordinates of the new origin O'
relative to the old zy coordinate system.

or
10.11 i+ i

¥ ¥
I
|
|lf'=o-b’m'l ¥
i BB ——TB' _____ x
|
0 i ‘
|
|
Fig. 10-6

= zcose+ ysina

2 cosa — 3y gine

=
10.12 { g
y s

where the origins of the ald [xy] and new [x'y'] coordinate

systems are the same but the #' axis makes an angle « with
the positive x axis.

2’ gind + ¥ cosa = yeose— T sina

’ ¥
¥ /,a:'
\\ b
e
e
\{]/ﬂz
/’\ *
// \
= b
Fig. 10-7

x’ cose — Y sina + @

10. .
0.13 x" sinn + ¥y cosa + Yy

(& — o) coBa + (y — ¥y) sine

Q
=y
—t—
e‘-- a“-
Il

= (y—1p) cosa — (x—xg) sine

where the mew origin 0" of 2% coordinate system has co-
ordinates (zq,4) relative to the ald xy coordinate system
and the x' axis makes an angle « with the positive z axis.

=
2=
CEL
e,
N
Hﬁ

\

O

- Alww i)
\

A point P can be located by iectangular coordinates (x,¥) or
polar coordinates (r, ). The transformation between {hese coordinates
s :

X = T COS6 = \.l'a;?--{--y‘d
10.14 o or %
y = raing § = tan—1{p/x)

&y
P{(ﬂ )

Fig. 10-9
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10.15 (@—zg)>+ (y—uyp)?2 = R2 |¥

Fig. 10-10

i

10.16 . ¥ = 2R cos{s—a) 1Y

whers (!f, §) are polar coordinates of any point on the
eircle end (&B,s) are polar coordinates of the center of
the cirele.

(R, a)

Fip. 1811

If a point P moves so that its distance from 2 fixed point
[called the focue] divided by its distance from a fized line [called
the direciriz] is & constant  [culled the secentricity], then the
curve described by P is called a conic [so-called because smech |
curves can he obtained by intersecting a plane and a cone at |
diﬂmnt-g;:gles]. E
1f ihe focus is chosen st origin O ths eqguation of a conic i

i
i
b

in polar eoordingice (r.6) i, if OQ=p snd LM =D, [see
Fig. 10-12]

10,17 A oo ol

1—ecose 1—ccoue E‘nm:tﬂ:f‘}
The conie is |
7)  omellipseif e <1 el =

(ify a parabolaif «=1 ;
(i) & hyperbola if «> 1. . Fig.ip12
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10.18 Length of major axiz A'A = 2a ¥ B
10.19 Length of minor axia B'B = 2b /’ .
: phalh i D
10.20 Distance from center C to focus F or F' is F ¢ F
¢ = Va2 — b2
Br
. V-8 x
10.21 Eccentricity = e = — = ——— 0
@ a
10.22 Eguation in rectangular coordinates: Fig. 10-13
(m—ag)2  (y—wo)?
sty
- : e : B a2b?
10.23 Equation in polar coordinates if C is at O: 2 = o ey T e
10.24 Equation in polar coordinates if Cison 2 axisand F'isat O:  r = a(l — )

1—econs

10.25 If P iz any point on the ellipse, PF + PF’ = 2a

If the major axis is parallel to the y axis, interchange x and y in the above or replace # by §= = ¢ [or
90° — ¢].

1 vertex is at A(zg, ¥o) and the distance from A to focus F' is & > 0, the equation of the parabols is
10.26 (¥—wyp? = da(z— ) if parabola apens to right [Fig. 10-14) =
10.27 (y—1yo)? = —4alxz —x;) if parabola opens to left [Fig. 10-15]

If focus is at the origin [Fig._- 10-16] the equation in pl';is.r coardinates is

' 2q
10.28 | ¢, 7 TE s
Y ¥ 'u'

/

J

t

P ’ ¥

] B
| a ;L 7

{20, o) o
Fig. 10-14 Fig. 10-15 Fig.10-16 -

In case the axis is parallel to the y axis, interchange 2 and y orreplace & by }r — g [or 80° — 8].



10.39

10.33

10.24

10.33

10.24

10.37

FORMULAS FROM PLANE ANALYTIC GEOMETRY

w’t»,g’%%ﬁji?gwn

Fig. 18-17
Lengih of majer axis A’A = 2a
Length of miner axis B'B = 2§
Distanee from center Cto focma For F' = ¢ = Va2 + 2

VET R

; e
Ecc-ntru:ityc—'— >

(x—ze* (y—we)® -
P R

Equation in rectangular coordinates: 1

b

Siopea of asymplotes C'H and GH' = 4

: ' : z song
Equation in polar coordinates if Ciant G: 8 = e e $Ta g =

Equation in polar coordinates i Cison Xaxmaad F' iz at 0: ¢ = 13&%;
-

If P is any point on the hyperbola, PF — P§f¥ = 2g [depamdimg om brmach)

If the major axis iy parallel to the y esxis, interchange z and y in the nbowe or paplace 2 by dr—4
[or 80° — 4}



11.1

1.2

11.3

11.4

quuation in polar coordinates:
2 = @” cos2¢

Equation in rectangular coordinates:
(@ + 982 = a¥(«®—y?)

Angle between AB’ or A'B and x axis = 45°

Area of one loop = a?

11.6
1.7

This is a curve described by a point P on a circle of rading

Egquations in parametric form:
{3 a(p — sin ¢)
y

a(l — cos o)
Area of one arch = 8rq?

il

Il

Are length of one arch = 8a

a rolling along z axis.

11.10

1111

This is a curve described by a point P on a cirele of radius

Equation in rectangular coordinates:
223 4 Y23 = g2/8

Equations in parametric form:
{ @ = acos?e

= asinis
Area bounded by curve = fra®

Are length of entire curve = Go

af4 as it rolls on the inside of a cirele of radius o,

40




i : SPECIAL PLANE CURVES 41

11.12 Equation: r = 2a(l + cose)

"11.13  Area bounded by curve = Fwo?

lhl.lld- Arc length of curve = Ba

This is the curve described by & point P of a circle of radius
a as it rolls on the outside of a fixed circle of radius a. The
curve is also a speeial case of the limacon of Pascal [see 11.32).

Fig.11-4

11.15 Equation: y = g(eﬂ“+e"*"‘) = ucash% A ¢ B
This is the curve in which a heavy uniform chain would
hang if suspended vertically from fixed points A and B. a
0 *

11.16 Egquation: r = dacos3s

The equation r =asin8s is a similar curve obtained by
rotating the curve of Fig. 11-6 counterclockwise through 30¢ or
/6 radians.

In general r=acosns or r=asinng has n leaves if

n is odd.

Fig, 11-6

11.17 Equation: r = acoad

The equation » = e sin2¢ is a similar eurve obtained by
rotating the curve of Fig. 11-T ecunierclockwise through 45° or
7/4 Tadiany.

In general r —acosné or + = asinns has 2n Jeaves if

% 18 even,

Fig. 11-7



