i : SPECIAL PLANE CURVES 41

11.12 Equation: r = 2a(l + cose)

"11.13  Area bounded by curve = Fwo?

lhl.lld- Arc length of curve = Ba

This is the curve described by & point P of a circle of radius
a as it rolls on the outside of a fixed circle of radius a. The
curve is also a speeial case of the limacon of Pascal [see 11.32).

Fig.11-4

11.15 Equation: y = g(eﬂ“+e"*"‘) = ucash% A ¢ B
This is the curve in which a heavy uniform chain would
hang if suspended vertically from fixed points A and B. a
0 *

11.16 Egquation: r = dacos3s

The equation r =asin8s is a similar curve obtained by
rotating the curve of Fig. 11-6 counterclockwise through 30¢ or
/6 radians.

In general r=acosns or r=asinng has n leaves if

n is odd.

Fig, 11-6

11.17 Equation: r = acoad

The equation » = e sin2¢ is a similar eurve obtained by
rotating the curve of Fig. 11-T ecunierclockwise through 45° or
7/4 Tadiany.

In general r —acosné or + = asinns has 2n Jeaves if

% 18 even,

Fig. 11-7
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11.18  Parametric equations:
(G+5)cone — bcos (GI b)!

(a+b) sine — bsin (5{—">o

This is the curve described by a point P on a circle of
radius b as it rolls on the outside of a circle of radius a.

The cardioid [Fig. 11-4] is & special case of an epicycloid.

¥

¥
11.19 Parametric equations: ————
B
=p b ’
z = (a—b)m¢+b:oa(“ )1! / x / 6/\
b /l\\u { }I\ :
. a— b { = x
y = (a—b)zing — bsin 5 @ 5 _J,
\
This ia the curve described by a point P on a gircle of N\ /
radius b aa it rolls on the inside of & circle of radius a. 3 i
If b=a/4, the curve is that of Fig. 11-3. e e
Fig. 119

[ = ap — baeing
11.20 Parametric eguations: ﬁ

LS
This is the curve deseribed by a point P at distance & from the center of a cirele of radius o as the
cirele rolla on the » axis,
1f b < @, the curve i as shown in Fig. 11-10 and is called & eurtaie cyoloid.
If & > g, the curve iz as shown in Fig. 11-11 and i3 called a prolate cyeladd.

If b= @, the curve is the cycloid of Fig. 11-2.

y = a—bcosg

¥

Fig. 11-10 Fig. 11-11
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s
z = a(ln cot 3¢ — cos ¢) ¥
11.21 Parametric equations: i ] g
y = asina b
This is the curve described by endpoint P of a taut string 5 ¢F\\ o
PQ of length o s the other end @ is moved along the z | Q
8RR Fig.11-12

11.22 Equation in rectangular coordinates: y = 5775 v
1128 P ti =
7 arametric eguations:
e = a(l — cos 26)

In Fig. 11-13 the variable line OA intersecls ¥ = 2a
and the cirele of radiua o with center (0,a) st A and B
respectively. Any point P on the ‘pritch”™ is loeated by con-
structing lines parallel to the » and y axes through B and
A respectively and determining the point P of intersection. Fig.11-33

11.24 Egquation in rectangular cocrdinates: v
2% + 38 = Bosy N
S
11.25 Parametric equations: \\
B

.. _8af o %

“1te N0

_ _Baf? 2

My T 148 %
N
=
3 b

11.26 Area of loop = Ea*‘ \
11.27 Equation of asymptote: z+y +a = 0 Fig. 11-14

11.28 Parametric equations:
{.‘n alcos ¢ + & 3in ¢)
L% alsing — ¢ cos3$)

This is the eurve described by the endpoint P of a string
as it unwinde from a cirele of radiua ¢ while held taut.

il

il
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11.29 Eguation in rectangular coordinates:
(u]m 4 (5.,}2!3 = (ug 52 52}2#8
¥1.30 Parametric equationa:
ax = (0 —b?) cos?s
by = (a?— b2) sindg

Thiz curvs is tha envelope of the normals to the ellipse
z%a? + y2/b2 = 1 shown dashed in Fig. 11-186.

Fig. 11-16

11.31  Polar equation: 4 + af — 2a%2 cos 26

= bt

This ia the curve deseribed by a point P such that the product of its distances from two fixed points
[distance 2a apart] is a constant b2, : '

The curve is as in Fig. 11-17 or Fig. 11-18 according as b <o or b > a respectively.

If b =a, the curve is a lemniseate [Fig. 11-1].

¥

0

Fig. 11-17 Fig. 11-18

11.32 Polar equation: » = b +acose

Let 0@ be a line joining origin O to any point @ on a circle of diameter @ passing through 0. Then
the eurve is the loeus of all points P such that P@ = b.

The curve iz 83 in Fig. 11-19 or Fig. 11-20 according as b >« or & < a respectively. If b =@, the
curve is a cardioid [Fig. 11-4].

|:#

Fig. 11-19 Fig. 11-26
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11.33 Equation in rectangular coordinates:
53

2a—=x

v o=

11,34 Parametric equations:

x» = 2asin?e

24 sin g
oS 8

This is the curve described by & point P such that the
distance OP = distance BS. It is used in the problem of
duplication of a cube, i.e, finding the side of a cube which has
twice the volume of a given cube. - Fig.11-21

y:

11.35 Polar equation: r = aé

Fig.11-22



12 d = Vi{za—2) + (ya— w12 + (22— 7))

< >, e if Y= o Tt
12.2 ! = cosa = S SRR B eyl = Gey = 7
where a, 8,y ace the angles which line PP, makes with the positive =,¥,2 axes respectively and
=y 3 d is given by 12.1 [see Fig. 12-1]. »
o .
Y
:

12.3

Mumbers L M, N which ars proportional to the direction cosines I,m,n are called direciiwn numbers.
The reiationship between them is given by : ;

L M N
12.4 = e s 7 BNl g e e R R e
VIE+ M4 N2 VIL:+ M2+ N2 Vvii+M2+ N2 ;

46



FORMULAS FROM SOLID ANALYTIC GEOMETRY 47

%,7:) IN STANDARD FORM

s SIS | e 22—z r— T ¥ ¥ z—
12.5 * s . X
¥p — %y Y2 — ¥ 23— & t kL n

These are also valid if [,m,n are replaced by L, M, N respectively.

'EQUATIONS 'OF LINE JOINING Fi(z:,u1,2) AN

126 z =zt y=ygy+mt 2z = 2z +ut

These are also valid if /,m, n are replaced by L, M, N respectively.

12.8 Az +8By+Cz+D = 0 [A,B,C,D are constants]

o=y ¥— T %
129 |22 %1 %—w %=z = 90

®F3 % Vs W1 33— 5

12.10

DSy 2
12.11 ¥ o+ b o . 1
where a,b,¢ are the intercepts on the z,y,z nxes

reapectively.

Fig. 12-2
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2 ¥y —z
12.12 Lot = C“ or =z = zm+At ¥y =yt B z = 2,4+ Ct

A

Note that the direction numbers for a line perpendicular to the plane Az+By+Cz+D =0 are
A,B,C. A

Axy + Byy + Czp+ D

12.13 -
=\AT 4+ B2 + C°

where the sign is chosen se that the distance is nonnegative.

12.14 a:c;osa+ycos;3+zcosy )

where p = perpendicular distamte from O to plane at
P and «, B,y are angles batween OP and positive »,u,2
axes. :

LA .3'5"'.1'-'0

g = phekopg G S =
12.15 = gty o oF ¥ = y—u
2 =g 'kz"s'z-.ng

where {2, v, %) are vld eoovdinates [Le. coordinates rela-
tive s ez syscem), (z/, ¥’ #') sre naw coordinates [rela-
tive to a'y's’ system] and (g, ¢, 5) are the coardinates
of the new origin @' relative fo the uld zyz coovdinate

syatam.
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# = L'+ Ly + '
12.16 ¥ = myz’ b may’ g
7 = nyw + gy + ngz'

o = le+m1y+ﬂlz :
or ¥ = lw + may + ng2

' = I+ myy + ngz
where the origins of the zyz and «'y'z’ systems are the
same and Iy, my, ny; Lo, My, na; Is, My, 7y 8T8 the direction
cosines of the z',y',z’ axes relative to the z, ¥,z axes
refpectively.

H
I

= L' + Ly’ + L' + 7,
12.17 ¥y = mux' + oy’ + mez' + Yo

5 = nx' +mgy + ngz’ + 2
2 = Liz— ez + my —yo) + mlz = 2p)
or ¥ = Lz — xg) + maly —wo) + nalz — 20)

7 = Lz — xq) + maly —¥o) + ﬂs{iﬂ ~ 2g)

where the origin O of the ¢'y'z’ system has coordinates
(%5, ¥ %0) Felative to the wyz system and I, my, 1,3
lp, My, g5 lg,mg, g are the direction cosines of the
2,y',z axes relative to the 2,7z Bxes respeetively.

A point P can be located by cylindrical eoordinates (r,9,2)
[see ig, 12-7] as well as rectangular coardinates (z, ¥, 2}

The transformation between these coordinates is

T cos ¢ ¥ = VE+ o

raine or 8 = tan—1(y/x)

(X, 0 2‘!
P{(r, %)

i

x

12.18 1y

z ;]

Fig. 12-7
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A point P can be located by spherical coordinates (r,4,¢)

[see Fig. 12-8] as well as rectangular coordinates (x,, z).
The_ transformation between those cocrdinates is

(2 = reinecosg

1219 Y = T EINe Sind
z = rcosé

¥
r = yaitgyital
or ¢ = tan—1(y/x)

9 = ecos~!(z/al+ 92+ 27)

1220 (=) + (¥ —we)® + (8—2g)2 = R2

whers the sphare has center (x, ¥q, 2p) and radius K.

Fix.' 12-9

12.21 72 — 2rgreos(e—ég) + v + (2—2)2 = R?
where the sphere has center {ry, 95, z5) in cylindrical coordinates and radius E.
If the venter is at the origin the eguation is

12.22 # 42t = B2

12.23 - ¥+ 7§ — 2ryrsingsindgcos(p—gg) = R2

where the sphere has center (rg, 8y, ¢p) in spherical coordinates and radius E.

If the center is at the origin the equation is

12.24 A
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w—2)2 @y (%)
12.25 St I —

Fig. 12-10

e o
12.26 = e 1
where a, b are semi-axes of elliptic cross section.
If b= a it hecomes a circular cylinder of radius a.

Fig. 12-12

9l
12.28 v e

Fig. 12-13
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x* P 22
12.29 e e 1 y .

Note orientation of axes in Fig. 12-14.

Fig.12-14

L
12.30 L=t

Fig.12-15

Note orientation of axes in Fig. 12-16.

Fig. 12-i6



If 4 = f(x), the derivative of y or f(x) with respect to @ is defined as

i B AR g, fedsal = 7@
dix h—0 h A =0 A

13.1

where h = Az. The derivative is also denoted by o', df/dx or f(x). The process of taking a derivative is
called differentiation.

In the following, u, v, w are functions of x; e, b, ¢, n are constants [restricted if indicated]; o= 2.71B28...
is the natural base of logarithms; In u is the natural logarithm of u [i.e. the logarithin to the base e] where

it is assumed that u > 0 and all angles are in radians.

132 L) =0

13.3 -&% (ea) = ¢

13.4 ; ﬂ&f}'(”“} “  negn—1
185 Apsuswzo) = Badpde,
. i s :
136 S-w = o |
d e E!‘-Ii : % i
o .E(tw) = “ldx T
4 = dw dy du
13.8  —lww) = wg -+ wwg + o
130 (%) - v@wdy) — uldv/dz) >
dz 113 L 1’3
12.10 s (yh) = ﬂ,w,..-xgd_z_
13.01 W {Chain role)
o< e de { : y
wiz - ;




bd

DERIVATIVES

13.14

13.15

13.16

13.20

13.21

13.22

13.23

13.24

13.25

= _ : du

7 e = cos -
@R, bl

liﬂ: cosu = Bl dx
itsmu = secﬁud—u

d i dax

j— sin~lu = e B dy
dx VI— a2 %%

d -1 du
T gt e b A
dz 008 o e
TEE SR O e

dz 2% Y T Tt ulde

e t—l ) = ._‘_.1_..d;“...

dx ©° 1+ u? dx
Sosee i = oo M
2 uf Va2 —1 %
Ll ese~ly = R
dzx lu| Vig—1 9%

13 d
13.17 _
; i
13.78 =
5 d
13.1% =

. e e
[_2<sm 'u<£

el

[0 < eos—lu = .z
_E -ﬂl -, E_
[ 5 < tan"lu 42.2]

[0 < eot~Vu & ]

S e
eot = csc® u
= tan w——
secu = secutanu
du
egew — —cBcucotu—

da

s =4
d_u <+ if 0 < sec w < wf2
dx

#f xf2 < gecTlu < -f]

if 0 <cse~lu < r/2 }

[+ H —/2 < coe—lu < 0

13.26

13.27

13.28

13.29

13.32

log.€ 4,
2 et av0,1

Y. dx

: 1du

e ohe SRS

2 du

nf sk
q'.lr!ln.':e{.d:E
e‘“-ti_u

de
{%eulnu e euluﬂ%[vmu} i wc—l%

1 gt
+u"nud’

13.31

12.32

13.33

: du
ginh @ =

= gech®u %

d A d
1334 3 cothu = —esch? u =
1385 Laechu = —sechutanhu g
1836 & cschu =



DERIVATIVES bb

s 1 du
13.37 —sginh—lu = ———=—

g Vi +1 9 ;

d i *1  du + if cosh—Tu >0, u> 17
13.38 o eosh—lu = __uﬂ :—1 =5 [_ if cosh—1u <0, #>1

d 3y < di

—% — ol fa

13.3% 7 anh~lw =Sy [F1<u<1]

d Yo, a8
: e Sy i s

- 1340 — coth~'u 1— 2 de [u>1or u<—i]

d =1 di -—ifsech“u}(l,{]{u{l]
134) ekl = ——— == [ : =

an ec u ul—u"‘% + if gach—iu <0, 0<u <1
T, LS SRR e TS e [— it >0, + if u <0

de ] VT + 2 9%

The second, third and higher derivatives are defined as follows.

: — dddy\r B 0 g
13.43  Second derivative = - dx) = ==
12.44 Third derivative = o (%) = 2% = pry = g
-1
13.45  wih derivative = - (j:,,f{) $Y = jwpm) = g
LEIBNITZ'S RU
p ar AR AR o :
Let D stand for the operator du? 2© that D% = i the pth derivative of u. Then
5
13.46 Drjuy) = uDmp + (T) (Duy(Dm— 1) + (:) (D2u)(Dn-2p) + -+ + wDry
5
where <?\, (g). ... are the binomial coefficients [page 3].
)
i
As speeial cases we have
d? ety dudv | d'
13.47 E{u’u) = Was = 2:1; =y 1+ vd:c?!
B Py By Pude
13.48 P R e ST

Let = f{g_-} and Ay = f{:ﬁ+6!} — f(x). Then

12.49 Ay _ fletdm) — @) . plgy e =

Sl
Aw Ax dx
where « >0 as Az — 0. Thus
¥13.50 Ay = [flz)bx + Az

If we call Az = dz the differential of 2, then we define the differential of ¥ to be
13.51 dy = Fle)da



5¢ DERIVATIVES

(FFERENTIALS

sy

The rules for differentials are exactly analogous to those for derivatives. As examples we observe that

13.52 dutvtwx-.r) = duxtdyv = dw = -
13.53 dluv) = wdv + vdu
13.54 d<3‘_> 4 os = Sy
v v
13.55 dum) = nut~ldu
13.56 diginu) = cosudu
13.57 dicosu) = —sinudu

Let f(x,%) be a function of the two variables z and y. Then we define the partial derivative of f(z,y)
with respect to », keeping y constant, to be

13,58 B . g fetAm ) — fle,9)
oz alxlﬂnn Ax

Similarly the partial derivative of f(z, ¥) with respect to y, keeping = constant, is defined to be

13.59 oy [Eytay) - )
ay Ay=+0 Ay
Partial derivatives of higher order can he defined as follows,
Lo g T S T )
13.60 dx2 = gz \sx/? e — ay \ oy
B/t AL A coff .. A [Bf
13.61 dxdy ~ dx\oy/’ dydx Ay \dx

The results in 13.61 will be equal if the function and its partial derivatives are continuous, i.e. in such
cage the order of differentiation makes no difference.

The differential of f(x,¥) is defined as
= 8
13.62 af = axdz + aydy
where dx = Ax and dy = Ay.
Extension to functions of more than two variables are exactly analogous.



14 |  INDEFINITE INTEGRALS

If s f(x), then ¥ is the function whose derivative is fiz) and is called the anti-derivative of f(x)

or the indefinite integral of f(z), denoted by f flz) dx. Similarly if gy = ff{u} du, then %‘L‘: = fla).
Sinee the derivative of a constant is zero, all indefinite integrals differ by an arbitrary constant.

For the ,deﬁnition of a definite integral, see page 94. The process of finding an integral is called
integration. }

'_ RULES OF INTEGRATION

In the following, %, v, w are functions of wx; a, b, p,q,n any constants, restricted if indicated;
e = 271828, .. is the natural base of logarithms; In u denotes the natural logarithm of u where it is assumed
that » > 0 [in general, to extend formulas to cases where u < 0 as well, replace Inu by In [ell; all angles
are in radisns; all constants of integration are omitted but implied.

14.1 [’adz = az

+

14.2 l af(x)dz = a f flx) d=

14.3 J vt w=rr)dy = Judz i prn‘m e [1 wdx = -

14.4 _}i wdy = wuv — ‘ vdu [Integration by parts]

.

For generalized integration by parts, sce 14.48,

5 | famae = 1 f fuydu

L P e — 2 41'S E . —
14.4 f Plfa)de = j F)S du =
4.7 ; wndgn = 2Lt 7= —1 [Forn=-1, 8

; 3
R o |

148 f% = “Inu eS8 ur intw i w0

g
= In |ul
5

149 % ety = e

i
g SO ; - s ek lin at
A0 albdiy = gulna gy = ———— = . g0, a1

< ing Ina
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14.11 [sinudu = —cosu

L

14.12 I- cosw du = sinu
14.13 Jtanu&w = Ingseen = —Inecosu
14.14 ‘I‘cotudu = Insinn

o

. /
14.15 J; secu du = Infseew + tamu) = Intan Ei—-4->

14.24 cscuecobudue = —eseu

14.25 sinhudu = coshu

14.16 ‘I‘cmud'u = Infeseu —colm} = Intan%
14.17 J sectudn = tanw
14.18 ‘. cacfude = —cotn
14.19 j tan2udu = tanu — u
14.20 I cotfudn . = —eotu — u
14.21 ] sin? rfu = %— Siifﬁ-? = Hu — sinu cosu)
14.22 j cosfudn = ; + ﬁn‘fu = 4(u + sinu cosw)
14.23 j.secutmaéu = sesn

J

J

14.26 J cc;shudu = sinha

1427 jtanhudu = In coshu

14.28 [ b ade = bk

14.29 J sechudu = sin~i(tanhu) or Ztan—les
14.30 J-cschudu = h‘ltanh§ or —eoth—1et
14.37 j sech2u ditt = ianhu

14.32 ' csch2ude = —cothu

w

14,33 ftanh“udu = u — taohx

e
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14.34 f coth2udue = u — cothu

k|

14.35 f ginh?u due = E#‘- - % = J(sinhu coshu —w)
14.36 J- cosh?u du = sln_:l2g._ = % = 4(sinhu coshu + w)
14.37 f sechu tanhu du = —sechu
14.38 _fesclm. cothudu = —eschu
: du Sy 256 gl
139 525 = g
14.40 % = ﬁm@—:—i‘) = —icoth‘lii w2 > g?
14.41 fag_'*“Tz = Elaln (%—f—ﬂ = fitanh‘lt—:‘ w2 < a?
3 !
- du i
—_— = T e
14.42 Im sin~1—-
A o : S
14.43 fﬁ = Inf{u+ Vu2+a2) or sinh la-
14.44 ff-g{_f.—:i = In(x+ Vi—a?)
u2 — g
- dx 1 %
14. e S -:l_
4.45 J'u e el
14.46 i e 235 (”m)
-fuv'u#+ e eh = o
14.47 e, 0 1y (” '“2““2>
J‘u\/u’—uz = e %
14.48 f figde = f-Dg — jn=21g" + fla=Bgi — <. {._1)nf‘fgtnldx

This is called generalized integration by parts.

Often in practice an integral can be simplified hy using an appropriate transformation or substitution
and formula 14.6, page 57. The following list gives some transformations and their effects. ;

14.49 f Flax+ b de = %f Fi(u) du wherse u = ax+ b
= 14.50 fﬁ'{v‘a:-&b)dx = %J w F(n) du where u = Yax+b
1451 fF(\/"aHb)dz - Efu“—if'(u)du where u = Yaz 5

o f Fle cos uj cosu di where « = asinu

1452 - f F/&E =) dz
14.53 f P/ET @) de

ufF(useeu}.aec‘udu where % = a tanu
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14.54 J Fivel—a2)de — a.f Fila tan w) sec v tan u du where = = wsecu
14,55 ‘ Fles) dx = :;— j -F-%‘du where u = e%%
14.56 5 Fllpno)de = Jﬂ Flu) " du where % = Inx
v i x % a
14.57 j £ ksin R Nde :ZJ Fiu) cos u du where % = sin™1 -
ﬂ’l a
Similar results apply for other inverse trigonometric functions.
o N 2u 1= 11.3) dut x
caszldr = T 5 i @
14.58 J F{sin z, cosz) dr 2 f }"(1 oL e e " where # = tan 5

e S

Pages A0 through D2 provide a table of integrals classified under special types. The remarks given on
page 57 aoply hera as well. It is assumed in all cases that division by zero is excluded.

14.59 ; mdf_ v = j—ﬂ;;, (az + B)

14.60 j;}“{}r} !

14.81 J ff@g = {ixg:ub)ﬂ e 2?3(11:3-1"' b}l o g% In (02 + b)

14.62 ‘ “:.:: fxb % (amiﬁf)“ i 3b{£§: B Sbgta:;—k b 'l.;_i BliE+ D)

A e ke UL
14.63 } Hax+n b In (a.«: et l')

: = i 2 Tow g ax + b
64 Voman - “'LE'"’"&Z“‘( z )

i = i Dir =B A )
s LDt e b g o A e D et s
1465 j aHur - b) 252572 3 b s {\'I:C it EJ;'!

1447 j Latge W

Yoptdr
14.68 [ Ll -
14.69 ! ot o )

{ax T b

v d 4 _1 rf 5
: (a8 T : | ; \
b ! 3
14,70 i SO L B gl e
ol 482 Blac+h) " B \gr i_,’)‘
]
Ve o ? tiie —. 1 2a 7 | g B
| . O s E S
#-loe 1 0 b¥ax —b) R
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da _ _fex+ b2 Zalaw+b) . edx . 3a2, [few+d
i f Baz T 0 | 2 b bac +b) bt '“( x )
dz 2 =1 =¥
e f @+ o8 ~ 2Aax+b)?
2 lpdm o = B
b J (ax +88 = giHax+b) i 2a%(ax + b2
; a? dz 26 b2 1

= = o 1 +b

e J (ex+ bR a¥ax+ b) Zad{ax + b)2 25 o? g
ol R b g 86
A S e e e e e
“ (0 e a?z? 2az 2= ax + b
g2 .’ zlox+b® ~ Pp¥ax +b)E  Bax+b) B W ( ® )
e = —e 2a 1 3, faxtd
178 f Faz FOF ~ T@xTOF  Paxth W T b '“( s
14.79 f L - ale? __dafe (axib)r B, (a3 tD
3 e3az+b)® T 2b%(aw + b) bi(ax + B) 2b5x2 bs x
ntl
14.80 [ (a4 by da % If n=—1, see14.50.
+3 +1

14.81 f wlax + b dn = (ﬁj Z;:g 2l b(;f : f.}!gr. e —1, —2

If n=-1,-2, see 14.60, 14.67.

: __ (az+b®t?  2blaw+b)t? | bex + bt
PES f ! e (n + 2)db (n T D)ad
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2

2ua + b

———— g —
| 2

J'E Vdac — b* : Viae — b2
14.265 J' =
a+bx+” l 1 l _/2a;=+b-vbg-4a—=
i
Vbl —dae |\ 2az + b + Vb2 — dac

If b2 =das, ax?+ bx+ e = a(e + b/2a)2 and the results on pages 60-61 can he used. If b =10 use
results on page 64, If ¢ or ¢ = U use results on pages 60-61.
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In the following results if b2 = dae, Vax?+ b +c = v’_ (2 + b/2a) and the results on pages 60- 61 can
be used, If b= 0 use the results on pages 67-70. If a =0 or e =0 use the results on pages 61-62.
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Z f o+ bz + 32 T Sy v (ox?+ b:c + ¢)3/2
3b J‘ o Gl
26 ) faxtt bz o

(Bax + b)(az® + ba + e)n il
da(n+ 1)

g =g h;?fil L j (a2?+ b + )n= V2 dg

14.295 [ (ax2 4+ bx +o)nt12de =
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. (aa?+ by eyt b
14296 f wlax® + bx + e +idy = L. daasiloLon P & =5 j (ax2 + bx + )=t 12 da
297 J dzx o 2(2ax + b)
14 2 (0»552 + bx - c]n-l-:ﬂ (2?1‘. e 1}{4,” i p,z}(ma.{. ba 4= ﬂ)n 1/2
s Sain— 1) dx /o
(@n— D(dac — ¥ J (ax® - bz + 12
gt o 4
14.298 f T b FORFIE © Ba—Tieladt+ bz o1

R L S
¢.) xztaxd+bx -t g1z 2:) Tax?+bax+e)ntiie

U T e (x+of M P — a
14.299 A i TS e
T b but | %t —ax+ o | a3 a3
dw 1 22 — ax + @? 1 2y
4.3 f.im P e R SO
14.300 B 6a In PR = tan s
Lde 1 o e g N
wany - f s =rpheed 14302 | o < E T (zs—:— }
B et wEeandat 1 B2 :
14.303 f wHaP +a¥) T alx  bg? = (& + o) a3 fai a/s
el e BRE _lwta® 2 o
14.304 j(x"‘ﬁ-a-“}z T 3ad{s8+a¥) + 9a,'5 Inm— x® — ax + 42 355\/5 A a3
* . zds o w? S, a? 1 BRE -l
e J S aE T AP Ee BT eter FE e
' g R e L
1206 [ 5T = e
_ dx i T T a?
L s l ~ e R L (ms‘r )
da Sty DI x? 4 _wdr i o0
130 (oliom = -~ e W) B [See 14.300]
: ‘ﬂlj_a: A 56'“’ 2 e :cm—ﬁdx
300 [ EEE - ws‘fx““a
o & : e AP T
mate fohos = pmhet 2§ we T

14.311 .. s 1 m(.iz;'l"m“ +"’2\' PN e _Ia:::fZ
: zt+ ot Al e e j 44/ 2% — &
eI \m !za'\f_‘*-u; Sudy2
T e
14.312 Spen T tan=? o5
Edwe " "'} a2 ey 4: -+ (‘i*\ 1 ke X i}:ﬂ‘,‘f'—g
14.213 jﬁ__._ SECal o In { ibahocch futnio- ol SR 08 Vg S -
't bt 42 \:z- boas® + a2/ 22 7 — o

14314 ‘:‘_0'1_-}"; = Iln(:ﬂ—{- oty
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dz o2 "l_ ( a4 \
fz(x‘-}—a“} S T 2 +gi)

[ty = oLy, (R L,
et +af) a2 ygn/e \a?+ axV/2 + & a5y/2
dx e e UL RS L, -1 x?
f PRt | e g
e il T o S
,r:r“-—a" =5 mln<x+a) s A g

oy e & b 22 — gt

T—at  4a? T

Y ARgE s e o z—a b g
Jz*—a" i 'iﬂln<x+|z.> +§Em‘ a

fi’-‘?i— = Set—ay

xtl -_ g
.J” = = L ’__w.‘ = at
xz{xt — at) 4gt wd
‘-——i:c-—-— — + : 1 (it__—__f.‘:\ "—-Ltarl_‘-i
J z¥ot—at) a-‘x 45 CEF a/ Jab a

Ly S R A
Pwd—al) —  Z2atz? ' 4ab e e

$ INVOLVING o° = a"

A I e
f x(zP+a®) ~  nat I & + ah
,-*-u—l dr 1
J.x“ Sos T 1Ti"l1'1{:e"‘+‘w"»)
wndy o C amrdy e dy
@ray ) @rey-1 ¢ (" + an)”

- £ S8 IS e
j zmmm Zhlen + anyr f Mg + an';-r—i an | xm—nign 4+ gn)r

i 1 1n (\!xﬂ+a —ﬁ)
f::\/:‘*+a" ” ¥ + v’-
dax s, _»1_ o — gt
fx(x“—a"). £ m"}n( = )
xu—ldx i _1_ 2
g A nin {x® — an)
gode . (amtdr am =t dx
w=ay - “)w—wr " ftwﬂ—a")f"l
Lol _J.J‘___H_._. 2 _{J‘WJEE___
f am{zh — gh)r an J am—nign — ar)" ar ) am{zr—ary 1

S .J:T-' 5 .:;“’“"\F:'
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dy 1 o . (2k—1) z + a cos [(2k — 1)x/2m|
uass [Ed . @e=Lpr,
2im + atm man =P kgl T, 4 @ sin [(2k — 1)x/2m)]
& mﬂ__i; 2 WQL—_}'EIR (z’ + 2aw coa(gk Ll o a“)
where 0 < p = Zm.
mﬁ—l.dw 1 m—1 &
1336 | mmem = s 2 cos 2% 1n (4:2 ~ 2az cos > + a.z)
i Mg s sin K22 tan-1 [z~ acos(kwfm})

ma’m=p x§1 \ @ sin (kz/m)

o Ot i o - 2ma2m w—y in(e—a) + (1) In(z +a)}
where = 2m.

P~ 1dx
14,337 Jﬂ':,,zmﬂ + gim+1
2(—1)p—1 g i kpw o x + a cos [2hx/(2m + 1)]
@m + Dyarm—rri = 0, +1 @ sin [2kn/(@m — 1))

(=1p=t B gkpe : 2kr .
o, 1}:19”‘"‘“::2 cosg—rsIn( 2 + 2ercosgo— + @

i (=1 'in(zs+a)
@m + Lam-»+1
where 0 < p =2m+ 1.
P ldzx
14338 | o —gener
=2 § ke =€ T o e [2Fer/(@m + 1))
B T Datn—sv1 o :
@m F Darn—rrt = S0, 1] a sin [2kr/(2m + 1)]

1 S cos2KPT g e
+{2m+l}a9m P cmﬁm-l-l (z Eazcm2m+1+a

n(zx—a
{2m 4 1)a2m-—pt1

where 0 < 9 = 2m <+ 1.

+

14,3359 J gingrdy = —S088F
a
14.540 ] % sinards = H0O0F¥  xcosax
o a? o

; : o - 2
14.341 f:czsmwda = “ssinaz + (F-——E—)eosax

14.342 f o i

14,343 f*—lnfidx = “_lzzl__,_(w}“

i
s
L/E
|

ae
e
g.

§
+
AT
T
|

ol
b SRS
g8

3+87 " B5-b!
4344 [Bingzg, o _sne f""’“"  [see 14373
14.345 'dx & 1 In{escor — cotax) = 1' In tan 22
:  singx @ ¥ :
P AR, (azp | Tez)® e L d m
WG Yoo = as{‘“ i 1800 HE @n+ 1)1 T

ind — & _ sinZax
14.347 f sinfarde = £ - Hinlez
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{'2: Wi S 2% _ psin2en  cosloz
o 4 e " 8a®
J sintarde = —S89 4 .U—"“?afl_(
. a 3a
ke dx sin 2ox gin 497
givtor gy = == — i
..[ a 4a + 32u
f .ei“—:—- =~ cotan
din? aw &
do COR AL 1 o
P e - Intan —
sin® gz 2 sin? ax 1 2a 2
T S aq)x sin{p + a)z : = ®
gin pr gin gx dxe = TR e If p= *q, see 14.568,
f il T2p-a) B~ ) ‘ |
¥ dr i _—
Ji=—smax o tan(& * 2 )
uedds.  ad B ﬂ.;{:) A _ax
__rl “gines tank4 +'§‘; e s tnain P

/
i d?____ e _1._ I ar o EX | _]:' e 50 ﬁ:l’\
T sineay | Za " (4 g N PR W
l{" die ik A .‘.._(’&.\ 1 ‘.;‘flf t,\',;t\
J @ Fsines® 2atsm ('4 £ B tan \\. 5
B p tan fux + o
e e
j' dx 'a\[pz“'?z \/P""";'
P~ gamer rpvania.c—f—q-—\f;ﬂ—w?

L_am \p tan ‘a.c-i-g-i*‘fa“ 13‘

If p == *¢ ses 14.8354 and 14.556.

f __dm = g ¢os an e WL f dr .
ERTT AP —¢Dlp +ysmazy PP-@¢J phosines
I p= =g se» 14458 and 14355, :

£ o 1 e e ‘\/pQ + g% ten aw
j Sl e e AR R
J i ot ginter amf?,? + g2 /i
[ 1 . [p? Vp*— gt ta e;l‘Z tan as
tan—1 L ST B S i
: ne - qz . ?

g‘ SRR o
J oot - tunlan

- .

oy R .

( sinTom dy — LS SRS —"—;---J-' f sint= % ox de
[ el

£ dE — poE AL e O ]
2. i i

Satar | cm— Dstt lax

s T rOS i e g

J gintax = 1) sint ! aw e Ll 2 Sint S g
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14.369 ‘y cosax de = sinax

14.370 fa:cosa:c gr - Gsow | wsinas
{a

14.371 J w2 cosqr dz = %cosm + (*———) sin ax

14.372 JA 23 cogox dx = (ia—:i = —) COs aX (—— - %) gin ax
R

s [ = fe G
14.374 f—c%dx = -8 %% - a._f WLOT g;  [See 14.843]
14.375 é% = %ln (sec az + tanax) = -1-In sy \‘1 “”)
14.377 f costerdn = 5+ HRlez
14.378 J z costax de = '%E 2 si‘inazu:r 4 OOZ;‘“"
14.379 f costax de = ﬁﬁﬂ.”ﬁ = %‘E
14,380 j‘coa“ ardx = % 4 s-ir;:ax + si;aiaa:
14.381 j _dz _ tanaz
14
S (%)
14.383 j cosax cospr de = SEE(S:;}’: - sig(:!—‘:—ﬁ}n: (if a = =p, sea 14.371]
1ages [ =
s [rEE = -l 2 jnsin %
14386 | T
14.387 T-:'-%xﬁ; = :—;tan% + %lncas'l;-
14.388 .j‘ﬁt—cgm = -——?}Ec@t 5 écoﬁa%g—

. dx 1
B s —— _— e — o
14599 f (1 + cosax)? e TR tan® 5
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2
— = —tan—1V(p—g)/(p+q) tan taz
£ pz-qz & [[fp:tqm

de
R
p + gcosax > (tan-;-ax + {_*_(Q'I"P):’{G—P}) 14.384 and 14.386.]

1
gt \tan oz — Vig + pig— p)

14391 [ ey = g sin az | [1f p = xg see
& (p + g cos w"ﬁ a(q2 57 pz)(p -+ g cos M" q& -_— ’}2 P + q cos ax 14.38B8 lnd 1‘.889.]
da 1 p tanax
1392 [t = —A—ten
p° + g7 cos®ax apVpE + ¢ Vi + g2
1 et p tan ax
{ apy p? — g° V2 —g?
14.393 j e
pﬁ ‘-] CoE 1 n <p tan_ﬁx-.—.v'qg-—ps
Zapyq® —p* p tanax + Vq?— p?
14.394 f o A G = i BB w_t_z.’.:_‘ cosan ~ m‘";_—l‘ N
o
COS ar RN SR sin ax
aaes  feest g o omeE o ot Johttar  [sec14363]
14.3%6 f cos® ax dw = singz cos" laz | B . f cos® 2ax dx
an n
dx X sin ax e ey dx
14.397 cos"ux  an—Dcost~ler - 1J cos" Zax
_edz x sin ar 1 n—2 (_ zdr
14.398 fms“ ar am—1)cost-lar afn—1n—2)eost~2ax m—1 cos" "2 ax

14.359 J gin ax cosax de = sin® az
2a
14.400 f ginpreosgx de = _coslp—q)z _ cos(p+q)e
Z(p—4q) 2(p+ )
o . _ ginttlax o :
14401 [ simozcosards = SIEE (1f n= 1, see 14440
14.402 J coran ainaE e = R R (18 = e 14.40D.]
(n+Da )
14.403 j inf e coed — & _ sindag
ain? az cosd ox dx & T
. i dx i
14.404 ; B = Zintanos
sin ax conaz a
a5 (9= — = Cinten Cp o R
sin® ax cos ax a 4 2 o sin ax
14.406 j_ﬁ"——- = a2 2
sin ax cos® ax e 2 @ COS ax
W07 - | = _ 2 cob2ax
: J sin®ax costax [/
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£is .
J. smnaxr .. _ _sinax In tan [ 22 + _)
o cos ax a 2 4
2
ez = 2927 4—-1-111tan":E
sin az @ P 3
d:F £ 1 _d_
f gos ax(l = sin a-;-:) £ 21:(1 * sin az) + ln tan ( 5
J-sinaz(l T cosax)  2a(l * cos az) + 2a!ntn.n 3
dx i P
n R R e o oz  w
fsina:u:cosa.m wv,élntan(g 8)
J' _sinaz dz = Eilln(smao: SRt
+ sin ax * cosax 2 2a
cos ax dx e % 4 ; ¥
sinag “cosax 2 e 2a In (sin ax = cosax)
sin ax dx ik q.
fp+qeosa¢ i aqi“‘-?’“"qwﬂw}
cosards 1
p+gsinaxr aq]n(i?+qsinam]
J‘ gin ax dx = 1
(p+ qeosex)®  zg(n—1)p + g cosam)—1
_cosaxdy o
(p+qeince)®  agin—1)(p - g sinaz)"~1
f i o= In tan (M
p sinax + q cosex \/__qﬂ 3

r 2

o et 7 3 S
J‘ dax J“V"!—Pz”qzm

+3)

\

{(r— q) tan (az/2)

lc+

i o

— Vp?2+ @ — 2+ (r—g) tan (ax/2)

psinar + geosax + ¢ 1 1
aVpl ¥ gt — 2

If r=g¢q see 14421, If »2 = p2+¢® see 14,422,

n<”

de - : azx
.[psinm+q(1+cusax'i & ap1n<q 1 ptan-g—)

dz —1
- 2 — tan
fpginm:-+ geosaxr = Vpi+ g avp+ ¢
j‘ dx --lv—tan_‘ (p tana:n\
S

p? sin®azx + ¢® cos® ax apg

G-

da = _1 y (ptanax—gq
v sinf ez — g2 cos? ax 2apg ptanax + g

T 4ax

J. gin™az cogtax dx =

p+ VP @ — 12 + (r— q) tan (ax/2)

2

-k tan—l{q/p})

sin™ 2 ax cog™ ux dw

N\
gsin™~ ! ax cogntlon m=1
alm + n) m+n
gin™*1 gx cos" ! ax 5 B= 1
‘gl 4 n) m+n.

gin™ ar cos® 2ax dx

)
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sin® 1 ax _ m—1 (ainm"Zax

a{n —1) cog ! ax 2—1.) cost—2az ax
: sin™ ax 5 gin™*+1 aw m—nt 2]' sin™ ax
L o G . = lim=—TlcwTwe  ®—1 cos"Zaz &
—gin™— 1 az g, e 1 { sinm2az
L alm — n) cos? 1oz m-—n cos®t ax
—cosm-lgy _ m—1 (" cosm2ay d
a(n—1) sin® ! ax o1 gint—Zax
COB™ ax e —cogmtlay ~ m—n+?2 cosmaz
14.427 f Tiras dz = an—1) sin*~ Loz n—1 gin®—2 ga
cos™ " lax m—1 (" cosm 2ax
a(m —n) sin"~ oz m—n sin™ ax
1 : ymtn—2 J" dz
14.428 de a(n— 1) sin®~1ax cos* ! ax n—1 sin™ ax cos" % ax
¥k fsinmamcoa“m F g ot m+n._gf dx
a(m — 1) sin™laz cos®~lax m—1 ginm—2 gz cos™ ax

14.429 ftn.nmdm = —-:-;Incosax = —zlnsecaw

]

14.430 J- tan? oz dx tar;w -

14.431 ftsnaa@dm e tar;lm +%lncosax

tan®t1lax

2 .
14.432 ftan“usec wde L

: gec? i ek
'4"33_ ‘tana.:-ds = Zlntanaz

RS
1434 (Lo = Jinsines

_ 1 J(ex)® | (ex)® | 20ez) | 2on(2in — 1)B,(az)*1
14.433 J‘ctanaxdz = a!{ iy e T e + e b

tanaz . _ (a2p | 20am)p | .., 2M"—1B.(oz)™
14.435 _f-———-—-u o = ez s R HER L L T—

2

14.437 f:ntl‘n‘wdm = gtanaz 1, .000p — 2
3 a a® 2

de . _ _p= g
wa. s = St S

In (¢ sin ax + p cos azx)

~ tannlaw =
l‘.ﬂ? ftan'a:ed;r = Tmeh ftan* 2az dz
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;v

14.440 j cotur de = ilnsinu

14.441 j coigrigs = = R L
. &
14.442 j otbonds = OBE Ly inay
5 2a L
14.443 f A R e
cott ax cse? gx dx {n-&- T
14 444 ?ﬁ—:j de = —% In cot ox
' odax 11
14.445 s e in cos nx
o ol ke e TR
14.446 f neotards = =dap — 2 _ G —mT
“eotez . _ 11w cdoap WEBJespndt |
14.447 ’ P 136 En—DE2n)!
b o saitn, . aesbay o agl ol ok
14.448 |« cottawds ez | insinae—
‘—-—-—q:?:—--—- e T 4
14 449 .’ 7= g cotax ;2%':‘6_3 Wmmﬁiﬁ (¢ o '1'"@"0&&%)
14.450 'f cotrandr = cot“‘ﬂaax f cot~ bonidy
: (n — e

14451 | socordn = Lin(seear + tanaz) = '%_hﬂ?au'(% +-:f>

14.452 ! saet gl e ST
. a
14453 J secawde = ”‘”;;“H-’E +-g;_-h£mm + tanaz)
14.454 J seet oz tanoaide = SETOL
9

14.455 f R
seC @ o,
' L LJeer | e ey Baprtr
14455 § »secovds = aﬂ{ Al RS L
R T fnx)® | Blazyt | oGMex) '%ajfﬁ“_’ ;
14457 jw——x de = Unaee Ts 4 at s Ry
4,458 1 wselards = ©tanaxr + ls-lncﬁs vkt
@ P

ad
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e T 'ze_zJ'_dL_
el .fq-!-pmu ¢ aJp+qoosaz

12460 [ sccrarde = ST 0B UNI 4 B2 ( joon-ta do

aln=—1) n—1

14.461 fcscazdx = im(cwu—cataz} = %lnm%
14.462 J"w,zaﬂx ~ ke

; = _ﬁ c8C G cob ax _1__ ax
14.463 J cselaz dz = Rt ot 35 Intan 3
14.464 fcac"a:c cotar dy = - °8C"6®

na

14.465 f de_ _ _ gcosaz

tEC ax a

el (@xl® | Tlaz)t , BN 1—1)B(ax)ietl

14.466 fa:esnarda: = -&-ﬁ{uz-% 18 +—1800 + + TRy +

esc ax s v el 2(2tn—1—1)B, (ax)2n—1
o f G L R e ey R E En=DEml T
14.468 j. zcsclar de = —%F—‘E + ﬁilnsin az
14.469 J"L . A 2f;‘27-_ [See 14,360]

q + pcscax q q9.) p+ gsinax
14.470 fcscﬂaa:da = _cesenfazcotar L n—2 (" asgy gy

a(n—1) n—1

14.471 f sin—1 fd.rg = masin-1 E + Vai—z2
2 — w2
14.472 f wsin-12ds = (*w’_z_ ﬂ.ﬁ’) it % g AR

2 Ve — 22
14473 ((sten-1Zds = Sana 2y EEEOVES

Wi feSECa o Ea il s BT SRR A

sin—! (z/a) . _sin~l(w/a) 1. fa+t \/F:S) %
o e - sy D)

14.476 f(ﬁn—l E)a .u‘

|

. : !
u(ain—l E) — 22 + msin'lf
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j cos—li:-dz = #cos*‘% - VaE— ot

2 z/a? —
vrzcos—’f—ldm = (ﬁ—%>cos"li—f—i—-——z£

"
® -
J 22cosl =de =
a

foain g,

@

i

j'cos ! (x/a) il =

2

J'<cus—1 5&)2 ey v

a 4

23 _15_(a:3+242)v'a2—z=
cos 3

3 a
Zlng - Jw de  [See14.474]

_cos !(z/a) | b In (a + Va_z—:cz)
@ z

@&

2
e
z(cos*’£> — 2z — 2v/a?— x® cos 1;
a

f tan-1%dz = stan1'E — ZIn(z?+ a?)
. a a 2
i ; il az
J #tan—1 de = 1(z?+ a?) tan~! i =
3 x 2 4 ax® Ban oy
J ;c?mn-lado: = 7 tan” ;-—T-— In (z2 + a?)
* tun—1 (x/a) oz lxla | (@) (xla)? ;
[ R = o Al e LA Bg )
1 2 2
“tan l.x;a"d:c = —ltanlz—ln(z -I;a\
; %2 E 2a el g
' E a
’ cot—l—ﬁ-d:c = mcot‘ia + —2—111 (22 + a?)

J x dob™! - dz = ,1-{;24-5,2).:01;--124_?

S =
f x2 cot—! = dx
J"cut"{-’ﬂfﬂ-) AR
X

I' g-.oi_:_—‘l{x."a) T =
a2

J.sec:‘lzda: = {

j «? sec—t Z dz
a

ax

o Eamal 2
~3—catlm+ a Gln(:r2+r;;?)

Zinz - f t‘—“‘—;‘*—‘”‘} de  [See 14.486]

_cot™l(w/a) , 1 x2 + a?
== S 3 a In

)
®

xsec—lg-—uln(x-%-vﬂ—a’] 0 < see~? o <

x sec"1~ aln(x + Va2—a?)

12 avei = 0 < see~l1Z.< %

-1 |

1%

3

a
-12 &
< sec a

2 a 2
f:csecﬂ%da JL

5 e -1“ eyl o T < nes1® <
2 2 2 %

{%ﬂ o ﬁ@ - %s]n{z.p VaZ—a?)
&
L% E \’ = %ln{x+\/a=3-—_a )

vaiy

raj st
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o
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i

g @ gos—i = dy
&

)
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g 2 ee 1= d
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]
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Uhib b -—+ “""’5}3

i 3(&!:5E T

2 3+

[ _see~! ) | VeP—at

E= vk ax

_llw_sec" (wfg) V'w’-waE
. x Toar

mcsc*‘§+ aln{z + Vet—a?)
wesc“~£‘-—--uln{m+y‘mﬁ—-a3}
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