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1wea0 (I = 2 coshaz
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Let f(x) be defined in an interval a =z = b, Divide the intervel into n egual parts of length Az =
(b — a)/n. Then the definite integral of f(x) between £ =a and z =b is defined as

15.1 f fim)de = lim {f(e)bx + fle+ax)ae + fla+282)A2 + -+ + fla + (n—1) Ax) Ax}
The limit will certainly exist if f(x) is piecewise continuous.

If flz) = %g{x), then by the fundamental theorem of the integral calculus the above definite integral
can be evaluated by using the result -

b
15.2 f-f(z)az == f%s(w)dx = y(s)L = g(d) — g(a)

Ef the interval is infinite or if f(x) has a singularity at some point in the interval, the definite integral
ie called an fmproper integral and can be defined by using appropriate limiting procedures. For example,

b + -. 4
15.3 f fe)de = lim j' f(s) d
154 o fixyde = Hm § Ffzx)dz
Ly,

Il

15.5 f flz) da lin::] flz)dz  if b is a singular point

a

b
156 f fle)dze = Ii“}l flx) dz if @ is a singular point

ate

157 J:{f(m)iyiz)ih(i)i cyde = J:"f(xm 3 J;bp{ae)da: - J:m;az S
15.8 f of@)dz = or j@)de  where ¢ is any constant

159 f Jeyde = 0

*ff(w)f&w

f° flz) dx + fb flz) dx

{b—a) fle) where ¢ is between a and b

15.10 fa fz) dz

15.1% ff(n:) d

15.12 f'f(x) o

This is ealled the mean value theorem for definite integrals and jswelid if f{z) is continuous in
e=x=bh.

L]
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15.13 J-D flx)glx)de — fle) fg{a:} da where ¢ is between a and b

This is a generalization of 1.5.12 and is valid if f(z) and g(x) are continuous in a=a =h
and giz) = 0.

d by le) f@,(a! oF

dg
15.14 — Flz,e)dz = G e + Floya) % = Flape) =

LS ]

In the following the interval from # — @ to z = b is subdivided into n equal parts by the points a = x,,
Ty Xy« - os Tn—1, X = b and we let wo = fxo), 1 = f(®1)y ¥a = flza), ..., Yn = f(20), b= (2 —a)/n. '

Rectangular formula

15,15 ff(x)dx ~ hlyg+ytyat ' +yai)
a

Trapezoidal formula

B
15.16 f flz)de = %(mﬁ 2y + 2up + o0+ 2yt YR)

Simpson's formula (or parabolic formula) for n even

b
h
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15.19 J; Y - S, 0<p<l
? agmdz gamti—n
. = . =
1340 J; at + at  sin [(m + 1)w/n] et
15.21 ™ dx e T sin mpg
g ), 1+2xcosp+2? ~ sinmsr sing
L
0 Va2—oa? 2
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! ] g
© lgmdy (—1)" " lwam+1-87T{(m + 1)/n]
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0<m+1<nr
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All letters are considered positive unless otherwise indicated.

I

™ 0 m,nintegers and m F* n
15.26 f sinmz sinnz de = . :
0

712 m,n integers and m =n

] 0 m,nintegers and m ¥ n
15.27 J‘ cogme cosnx do = i
0 7/2 m,n integers and m =7n

T 0 m,n integers and m + n even
15.28 f sin fnx cos nx dr

J, 2m/(m? — u?) m,n integers and m + 7 odd

TiZ i3 =
15.29 f sinfz de = f cos?x dx = =
0 . 0

/2 w2 E T e s
15.30 f gin?n gz dz = J‘ costm e de = 1:3:5 L 135, m=12...
5 G 204-6.-. 2m 2

1 e 2m+1 gy dy J‘m‘g 2m+1 g d 2+4+6:--2m
inZm = T _— =
15.2 J; sin’ @ : cos ® do o e 8. i
/2
15.32 j gin??~lz cog?t-lp da = () r(g)
a 2Tr(p+q
/2 p>0
15.33 J‘w %&de i 0 p=0
: —r/2 p<0
- 0 p>¢>0
15.34 f E!még.oiﬁdm = {x/2 D< h=qg
: w/d p=q>0

15.35 fuﬁm_l’fg’?ﬁﬂax {rp{ﬂ 0<p=gq
0

7g/2 p=gqg>0

15.36 I”L“ﬁﬂdm = EB 15.41 f‘ww_d,, s E
; i mE 2 s a? + a? 2

1 —cospx ~ ; J"’ BIOY . o T ma
15.37 J; Locoeps gy = o L L - e

e 2 I
15.38 f cOBPT — CONGT 4y = 4 15.43 j =

5 x p = T baine m
1539 (Teopr—comamg, - #enD) 1540 (U o It

0 ™ s o atbeosw - ail—p3

1 /2 =1

§5.40 CO8 MT de = lg—mu 15.45. f dzx = cos (b!a}

. z2 +a : 2e s @+ beosz Va— b2
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15.55

15.56

15.57

15.58
15.59
15.60
15.61
. 15.62
15.63
15.64
15.65

15.66

-15.67
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= ~ L % <=
'!; 1 — 2a cos i + a? 1—g?’ b
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o x (1] \[E %
* sin = LB R e P
fo = W 3r(p) sin (p=/2) .
< cos X T
= ——, n<p<l
_;0 P o 21(p) cos (pa/2) g
= 2 SRS
jw sin ax? cos 2bx de = 1E (cos ol sin b—)
" 2 2a \ a a

5 1 T [ . b2
i . - = ol P it
J; cos axs cos 2bx dx 2"’2;;(&03 i + sin a)

* sindx 4. - ST
x® 8

=Y

0
® gintx et
§ e
0 4
tan z o
dﬁ: —-—
0 * -
v/ itk .2
j; 1+ tanmz 4
"2 et g
x = o S et S
J; sinzdx i 2112 mtp T’ }
Eoba 1 8 1 1 1
van x N i1 o Pt g
5; x dz = 13 32+52 73+
1 sin~ iz iy
= der = El"a
0 L
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0 S i %
i 1 de  _
[t =
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15.68 f eTcosbrdy = —o
%o

15.69 j e~ ginbx de = a_b__

]

15.70 J"‘ M dx = tan—1 E
0 x a

i o

15.72 f”e-aed, z %ﬁ

0
15.73 j; e cosbp dz = -;—-\‘{Tég—b!f{n

15.74 Jm g-taxtvbrie) g — [7 cv*—tacirsn e
0 9 V & 2va

15.71 f”e_“"’_:f_“_‘fdm e et
0

where erfc(p) = -—J T et gy

15.75 f e—tax*tbxtc) gy — N e“’" 40c)/4a
a

o

15.76 f e DoN
1]

gttl

o _T{im+1)/2]
15.77 J;"""s e A

15.78 fng-(af+hf£)¢¢ = }é."ig—zﬁa
0

= 3
15.79 f L S R i SR S

¥ =1 12 ;e g 8
o] = puathr BNl o,
15.80 .,E £ e = l(n)(ln TR )

For even x this can be summed in terms of Bernoulli numbers [see pages 108-109 and 114-118].

EY L Apeeat o e T TS
15.81 J;e‘+1 = m-mtm-at = Z

e i b [l s
15.82 A T = I‘[n)(—n "t )

For some positive integer values of n the series can be summed [see pages 108-109 and 114-115].

' sin mx AL m_ 1
15.83 f ‘gn_ldz =g — o

15.84 J;’(l_}_w—s—:)% = v

B8 [T = gy

0
15.86 J-w I SRR de = vy
b e ® /) 5



15.87 I"M@

x Sec px
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1,

(e
2 a? + p?

15.88 f‘ﬁﬂdm b e

5 T csC px P »
15.89 f’%ﬂ’iﬂu = eot-ta — SIn(@@+1)
2 x

0

T

1
15.90 f 2™(In z)n dz

0
If n+0,1,2,...

2 §

0
5
[ 38

f‘:ln(i+:!dz
a

0

J'i In(l—=) 4.
%
0

Inz
o
1+

1591

15.92

15.93

15.94

1
15.95 f InzIn(l+x) de
0

1
15.96 f ine In(l—#)de
1]

f"' z"l“i Inz ,
ﬂ +x
1

15.97

M — opfk
il

15.98 e

15.99

f e~ *lnx de
(1]

15.100 fn e~ Inz do
1]

15.101 J”ln(-z—i—%)dz
0

2
15.102 J' In sin® ds
5 _

w/2
15.103 f (In sin #)® do
; |

15.104 f v bhain ke
(1]

rie 3
15.105 f shiw iny @
£

: & :
15.106 rln(u-i-bdn:]ih = I In{e + b cosz)d=
[ . 0 : :

= J:m (In cosa)l’ da

(—1)*n!

m e —1, 'rl=0,1,2,...

replace n! by T'in + 1).

ol

12

— 7% ¢cge pr cot pr 0<p<l1
m+ 1

hl'.~|.-+—1

=

_‘/T;_(T +21n2)

e
e

wl2
f In cos x de
0

T
Elnz

F P
=3 24

Sm2p +

#9
) In2

-

n2 -1

2rIn(a + Vo2 —b3)
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15.107 fﬁlnfa-'i'beosz)d:s = +In (ﬂ"f'v':’—b“)
] ; :

{Ew‘lﬂd, azb>0

”
15.108 jln{d’—%-beoa-x+b¥)¢zx & ;
[ - Zxlnb, bzZa>0

15.109 j”‘l 4
: n(t+imne)ds = G2
: _

i
15.110 j' secz In (H%%:%)m = ${(cos—1a)? — (cos—1 b)2}
f

o el 2 sing , sinZ2a  sinSa
15.811 J;I-n(ﬁsmﬂé)da: = —(12. + 2 =4 2 +)

See alge 15,102,

15.512 J Sines o = T T

< sinh bz 2b 2b
1 T L0808 g0 o X 0T i
15V j; ccshbsda; EthZb

ginh ax 4a®

15.114 J"__?_d_w_ o
i

winh az Zngntl

s dor gnit — 1 1 3 1
§5.115 f*‘ £ = r(u+1){1—,1+—1+w+3”1+...}
G :

If % is &n odd positive integer, the series can he summed [see page 108].

ianhoay o0 L i ool
Wi ) EEE T aYr b

15917 (“erher, _ 1w or

I o o ‘_\ = 0 | b
15018 ﬂ“’f;"!_.ﬂz‘.'ii dr = {0)~ =} m—

o E

This is called Frullani's fncegral. T holds i€ f'iz) is comtinusus and [ fﬁi...@ dx converges.
] szl E &

e & - L 1
» .j; —— D — + — + ﬁ + e E
15.120 { @+ Ha—ge-ids = (Zaym+n—1lilIiz)

. Tm + 7}

s



16.1 I'(n)

Il

, 8
ni OB
|
-
«©
I
-
=9
-

n>0

16.2 Pin+1)

7 I'(n)

16.3 T(n+1)

# i #=0,1,2,... Where 01=1

For = <0 the gamma function can be defined by using 16.2, i.e.

16.5 : . ' ( %) e v‘”_"
16.6 rim+3) 4 PRl ‘é;ljam—l}ﬁ
167 : =m+) = {—1ym2my/r

: _ 185 - @n—1)

; 101

=1,2,8,...

1 g B R



102 | THE GAMMA FUNCTION

16.8 I(PT(l—p) = —=
sin pr
16.9 22 i@ Mz +4) = VrT(22)
This is called the duplication formula. \
16.10 [‘(z}r(a: + l) I‘(x i —g-) e [‘(m S 1) = m¥—me (Pg)m=1)/2 T(mzx)
m m m

For m = 2 this reduces to 16.9.

= = 1:2-3...1;
Yo 11 iy kll_lrl” (x+1)z+2) - (2+ k) k®
g z |m[ Z)ag—a/m
16.12 f(_S) = xe oL {(1 + -‘n;) ] f }

This is an infinite product representation for the gamma function where y is Euler’s constant.

16.13 P = j‘ﬂ e~zlnezde = -—y
a

Ma) _ LY TRt ARl SRR RS R B
o M2 ‘7+(1 z)+(2 z+1)+ +(n =u+1l—1)+

1 1 139

16.15 Tz +1) = Vreste® {1 * 12, 1 2882 T Fiseoe® T }

Thiz iz called Stirling’s asymptotic series.

If we let z ==n a positive integer in 16.15, then a useful approximation for n{ where'n iz large
[e.g. = > 10] is given by Stirling’s formula

&

16.16 nl ~ Y2raare»
where ~ is nsed to indicate that the ratio of the terms on each side approaches 1 ag % -+ «,

16.17 . Pl = o



17.1

17.2

Extensions of B(m,n) to m <0, n <0 is provided by using 16.4, page 101.

17.3

17.4

17.5

176

Bim, n)

Bim,n)
Bim, nj

B{m,n)

1
f gm—1(1—tn-1dt m>0, n>0
1]

B(m,n) =

= B(n,m)

w2
== 0 J‘ gin?1g eos?n—12 J§
o

fm—1

= fufene

4
= w1 |

103

*lgm—1(1 — gya-1
(r+tynte

9

T(m) P{n)
Cim + n)

&

'FUNCTION B(m,n)

ORTANT RESULTS

di




18.1 Separation of variables

flw) giw) dz + falx) golp)dy =

0

Jilz) J‘gz(y}dy s

Fal)" o:(y)

1.8.2 Linear first order equation

&y rey = Qw

yefPaz = J.Qg_{?dzdx_;.ﬂ

18.3 Bernoulli’s equation

W4 P = Qawr

vell-m fPdz = (1—n) fq,,u-n] fPaz gy 1 4
where v =yl-" If n =1, the solution is

Iny = f{Q—P}dz #iig

18.4 Exact equation

M(z,4)dx + N(z,y)dy =. 0

where dM/3y = aN/sz.

fmax +I(N~~£;jﬂaz)dy = ¢

where dz indicates that the integration is to be performed
with respect to x keeping y cunstant.

18.5 Homogeneous equaticn

R du
ng = fF{v)-v + e

where v = w/z. If F(v) = v, the =olution iz ¥y = ¢z,
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= R RELON
Inzx = fv{G(v)—-F{v}}+a

where v = zy. If G(v) = F(v), the solution is ay = ¢.

Linear, homogeneous
second order eguation

18.7 Let my, ms be the roots of m?+am+b =0 Then

there are 3 cases.

Case 1. miy, %y renl and distinet:

dy ¥ = c]elll;):_[. cgemgf

+aa+by = 0

d?y

da?
Case 2. mq,mg real and equal:

a, b are real constants.
¥ = o6  goxe™®
Case 3. m; =p+qi, my =p—qi
¥y = e'(oy cosgr + ¢ sin gx)

where p = —af2, g = Vb—a®/4.

18.8 Linear, nonhomoge_neous
second order equation There are 3 cases corresponding to those of entry 18.7
above.
Case 1,
¥ = ee™¥ 4 coe™®

d*y

dz?

dy

i + by = Ele)

4= =

eryx
my — My

ot R f e~ ™M= R(x) dx
Wiy — Wy

¢~ ™T Rix) dx
a, b are real constants.

Case 2.
¥ = ¢e™F + gawe™®

4 nw"':fj e~mi* R(x) dx

T f ze~ ™% B(x) de

Case 3.
¥ = €ePF(eq cosge + ¢y 5in 9x)

4 WIFF‘R&} cos qx dx

— ZL o fe““‘”ﬁ'(x}' sin gz do
q

18.¢ Euler or Cauchy equation
Futting o« = ¢f, the eguation becomes

2504 md*’ +by = S Byt @-nF by = SEH

and can then be solved as in entries 18.7 and 18.8 above.
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1B.10 Bessel’s equation

2
xﬁgﬁ+z%§+(7\%?-—ﬂjy =y

BASIC DIFFERENTIAL EQUATIONS AND SOLUTIONS

¥ = e d,(\2) % 6, Y, (A2)
Bee pages 138-137.

18.17  Transformed Bessel’s eguation

2
29U~ 2p+ el 4 (2t pry =

a

v:

where q = Vp?— 2.

18.12 Legendre’s eguation

'i‘y db‘
— R i —r
{l T ] 12 2z

S 4+ afn+lly =

0

v = aPr(®) + 0Q.(z)

See pages 146-148.

et {GIJQ.’I' (;:z") + ﬂqu;r (Ezf)}




ARITHMETIC SERIES
19.1 a+ (@+d) + (a+2d) + --- + {a+(e—1d} = inf22 + (n—1)d} = dule+])
where | =a+ (n—1)d is the last term.
Some special cages are
19.2 1+ 2848+ - +a = dnntl)
19.3 14+3 454 4 (2r—1 = nt
'GEOMETRIC SERIES
19.4 a+ar+ur2+aﬂ+-~-+arn—1=ﬂ11%:ﬂ:%i—’:
where I = ar™—! jg the last term and r # 1,
If -1<r<1, then
195 a + ar + ar? & g + o0 = lir

\RITHMETIC-GEOMETRIC SERIES

196w+ @rdr + @2 + oo+ o+ @Dyt = S 2l """{“1'1;3‘“"”""}
where r# 1.
I —-1<r<1, then
[ rd

19.7 o & (prdpd B4 0 E SE S g

'POWERS OF POSITIVE INTEGERS

L B —1){(p — 2)nP-8
19.8 1P 2P 3P F v 4ogp = b + 4nP + B = i e i +
p+1 21! 4!

where the series terminates at #* or % according as p is odd or even, and B, wre the Bernoulli
numbers [see page 114].
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Some special cases are
199 14+2+8+:++n = 2 ﬂ»2+1!

1000 124224824 42 = RATDERED

6
1901 17 29 488 & vo0 g8 = M = (1+2+8+ r-+m)2
1932 104 28 4 Gh 4 are g s afn + 1)(En + 1)(3n2 + 8n — 1)
: . 30

If 8 =3k+4+243%+ ... 4 nk where k and n are positive integers, then =

19.13 ("fl}sw(";l)SH +(":1)sk = (A - (mtD)

19.14 l—%J,—%_i.f.}g_... = o

WIS 1-14i-24lo =8

19.16 ~—-§+%—i%+ils_... = 2?4_%1]12
19.17 1-—é4~§_11§+11_7_ i g8ﬁ+ﬁln{i+wﬁ}
L e ﬂT@‘é"’"
1919 LStk = %’;

w20 Lililals o2

19.21 %*%J”élﬁ"'%“'" ZT-:‘

w2 L-laloL,.. -T2

1924 L-Lilo L. o= %-:_0

1925 L4l = 2

19.26 %*'511‘*‘3124“3;4.-"- 2%

1927 L+ Llole = 2

we L-Lil-L.. -2

19.29 il_z+§1§_g1§__;§+.__ 3 E::gf

1930 S tamteataat o E 3

19.3% I—’:—§+f2—}z+3—:'_'-l.)-+z%a+--- :-;-

v el Sl S il el e el KL is g

i%egz " g7, BaeR? ' TZaDo ic
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i 12-212-32"' 22-;9»-48"' 32.413.52 s a ———4721;39
19.35 fﬁ+.§1=,,+3;15+1%+... =3 2""{‘2‘;’%

1_9_35’ 1125 7 3%, e 5% i "r% o (2292—‘21;;'»&:

087 - o - v

ian 12:+1 = 3=:+| * 523-{-1 £2 72:+1 ik TR é,% ¢

1 sin (n + 4)e
19.39 = + cosa + cosle + + cosne 3 sin (o/2)
; : _ sin [{{n+ 1)]e sin 4ne
1940 sina + sin2a + sin8a + + ginna = /D)
1941 1 4+ rcosa + 72¢082a + rPeog8a + o0 = Ioy e 7] <1

1—2rcosa+ 72’

i i : = il S T o
1942 rgine + r®sin2a + 13 5in3a + i v e <1

m*2 cogna — rMtleog(n+1)a —reosat1
1—2rcosa+ 1

rsine— tigsin(n+ e+ 72 gintin
1 — 2r cosa + 72

I% 1+ recoga + 72cos2a + --- + rPcosna =

19.44 rgine + 2 sinZe + <<+ + rMsinna =

w—

1945 S PR = | F@dk - JFO -+ Fo)
L]

k=1

+ T3 ) = PO — g 07(e) — F7(0)

: L V. -— vl
e 30240 240 {FOYn) — POO)} — m (FO ) — FOE))

By

4+ cee (—1)p-1 {Fer=1(p) — FO—1{{} 4+ -+

(Zp)!

1946 3 rw = 3 {S ommeron



20.1 fle) = fla) + flla)(z—a) + f—~—-zﬂ{a}(;,_“ 4 ro0 ftr“&ﬁﬂ;“)"_l + R,

where R, the remainder after n terms, is given by either of the following forma:

20.2  Lagrange's form R, = F ) (x — a)

n!
20.3  Cauchy's form Roe= 7 (ﬂ)(e}(rii:f):}_] w—a)

The value ¢, which may be different in the two forms, lies between ¢ and ». The regult holds if f(z) has
continuous derivatives of order n at least.

If lim R, = 0, the infinite series obtained iz called the Taylor series for f(x) sbout »=a. bE4

=+
a =0 the series is often called a Maclaurin serics. These series, often called power series, generally
converge for all values of @ in some interval called the interval of convergence and diverge for all z outside
thiz interval.

20.4 (@at+z)e = an.g.nan—:x.i_“{nz':'i)aa—:azz.{. E@;__?é“__ﬁun-sal.l. orle
= n i n—1 s n—Zpd & n=3p3 o euw
a@ +(1)a x+(2)-: x +(3)a x
Special cases arz
205 (a+tz? = a+ 2ax + o
206 (a+zP = o+ 8a%x + Bax® + of
20.7 (@+z)4 = ot + 463 + 64222 + daz® + 2zt
208 (1i+z)! = 1=—2+ a2 —ad 4+ gt — o 1<w<1
209 A4+2-2% = 1 — 2z + 322 — 423 + Bat — - —-1<a<1
2010 (1423 = 1~ 3z -+ G2 — 1023 + 16zt — -2- —1<a2<1
1 1+3 1:8+B
g =112 = —_—— i PEML ANt s o aer — =
2011 1+ 1 2.#—1-2.41.-2 2-4-65‘1' 1<z=1
B R = P r e g RS T ey s
20. (14w} = F5%® — 5t T =
1 Ted n © Bedaf oo ;
h =12 = —— iR e S T SR == =3
2013 (1+a) 1 — 58 + e 57670 1<z
i 1 2 245 :
20045 dFmil = 1dnge ~ oo & oot B —1<z=1

110
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w2

20.15 o = 1+¢:+'="f!'+§+."‘ —n(t(lu
20,16 o = eflne = 1+xlna+@;1a]g+(=$a)a+--° —m g @
20.'7 ln{1+x} — ;-—%E.{.%s_?::_.}.‘.. —l<cr=1

oot
20.18 §ln(}tz> +%a+%—s+";—7+— —1<z<1

_ W2 . il | 1{z—1\° e e
2019 s = 2{(x+1>+§ o +§(x+1 +} o

2020 Inz =

: A 5 7 o
20.21 sinz = =2 ﬁ+_5-!_ﬁ+”. — g < ’
5
20.22 cosx = 1—%4_%_%.{.... — L
2 2% 177 22n(23 — 1)B, x2n—1
2 - o S S B aiis %
A03Y eap = ety ¥ 55 F g @n) el <3
ok i e G inh pen 1
20.24 cotz = PR bW T 0< |z <n
W w2 F4BI N G B |
; S " 24 T TED B! =] <3
_ 1,8, T, 8165 2251~ 1)B gt~
2026 cgexr = i S v S T T + ¢ G L 0< jz| <o
iy ot 1ok ik
2027 sinlz = etgatsgE TEaen Y lz] <1
PITEREE. (S T o L AT i R
20.28 cosiz 5 — siniz 3 (a:+23+ i g le] <1
5 7
zu“’;+§5~~—%'+"- o] < 1
20.29 tan-lgz = =y ¢
- fae=1 ~ifo=s—
b = e Fifezl ~if x=—1)
: 5
%~(m—§;+%—'--) el <1

2030 cot~lz = I - tan-iz =

2
m+i—313+515 p=0if2>1, p=1if < —1]
2032 csets = sin-ile) = 1b il el > 1
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20.36
20.37

20.38

20.39

20.40

20.41

20.42

sinhe =

coshz =

tanhz =

cothz =

secha =

ecgchze =

ginh—1x%

cosh— 1z
tanh—12

coth— 1z

m+§,’;+:_:+?";+... e )

1+ -:—?f%q- o e e <p<®

1—5;+—52—"’}v%";3+---{;1{g’!‘—z% el <3

e % +§%; - 1‘2};’;0 e (“1)"2{22"(_2;;1}‘8“”2‘_1 $ooee 0<zl <
ek e e

e (1“ B 2'12m2 & 2.1'.:.31,4 & 2-1'-36.'5%" iz ) [i ;: :?1—1:[
R S R
=m+1’3i'+%’+%3+--- <1

=%+$’+§5,¢4%+--- e > 1

20.43

20.44
20.45
20.46
20.47

20.48

20.49 .

20.50

20.51

ei’.\!z =

geosr —

glanx

i

e® gin
e cos
In |gin z|
In |cos 2|

In [tan 2|

in (1 -+ )

1+=z

z2 xt 5 ;

_____ —w <<
1~+~:|=+2 g 15+ Fa w < .w
gt e el R T
"( g T e T T ) Bl Lo

32 m_s E e & <£
IEw LB lof < 5
2 e & 2772 sin (nw/d) @® | |, —e < gL ®
b e e R R e ! &
1 o s Q’____g+ eV Zﬁﬂcoa(ﬂsﬁ"ﬁﬂ“ + e —0 L g ®
3 (1 nl d
x2 ! ob __22"_1311”2“ i o<zl <
= Inlol —F — 355 ~ Zas — = R Ly
22 wt 28 1728 22n-1(22n — 1)B T
= - _Z_Z __—Z _..- oo Jul<Z
2 127 4%~ 2520 7o) 2
LA e bt pueemclV-GBge L
= nisl g 50 owe o L )] - L
= z— A+ + (1+3+ Pt — - |ef <1
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If

2052 4 = G;#-l-ﬂgm"{-caxa-l-l cqxt + o5 + ogzd + -

2053 z = Cy+Cr+Caf +Cat +Cp® + Cgp® + -+
where

2054 oC, =1
20.55 ":C: = e

2056 Cy

Il

2
2e; — ¢y0y

20.57 clC; = beyeges — bej — ciey
2058 ¢C; = Bcioacy + Bejel — efe; + 14e] — 2leycjcy

20.59 o!'Cy = Toleges + Bdeyole; + Teiogo, — 2Bofegel — cicg — 28eclo; — 42¢3

2060  fen) = f@,b) + E—af@d) + =i :
+ = 0l B) + 2 — )y = B)f 0, D) + (4 — BPfyya, B} o+ -

where f,{a,b), f,(a,b), ... denote partial derivatives with respect to =, ¥, ... evaluated at #=a, y=b.



The Bernoulli numbere B, B,, By, ... are defined by the series

x X _z B B! Bgf E0iia

Bt  Boxt Byt

o e T < =

The Euler numbers B, E,, E;, ... are defined by the series

¥l 1@2 E 22‘ B 32“

2 2 S T
21.3  sechs = 1 5 T ] + || < S
2'.4 SO0 & _1+_2!_+Tr+_3T-+ Ixi'{g"

e

Bernoulli numbers Euler numbers
B, = 1/8 E, =1
By, = 1/30 Wy =5
By = 1/42 E;, =6l
By = 1/30 E, = 1385
B; = 5/68 E; = 50,521
B; = 691/2730 Es = 2,702,765
B, =16 E, = 199,360,981
B, = 8617/610 By = 19,391,512,145
B, = 43,867/798 | E; = 2,404,879,675,441
Byo = 174611/880 By, = 870,371,188,237,625
B, = $54,513/138 By = 69,348,874,393,137,901
By, = 236,364,001/2730 | E, = 15514,534,163,557,086,905
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21.5 (21: = 1) 2B, — (2”: 1) 2B, + (5"': 1) 208y — -+ (—-1)*}2n + 1)23B, = 2n

2
L O

17 5 = mg | ) - () e () B ]

N6 E,

i 2m)! 1 1 =

_ _ z(zn)! Lgeie g S
Sl @r:%ﬁ:{l"'.gz.ﬂ-,zn"' }

s (2n)! = B
2110 8, = W{l i T

23n+2(9n) ! 1 1 J
21 B = _@:T;'(i':li{l ~ FEmta +"§E§-‘i =

21.12 B, ~ 4nin(re)=2y/rn



Various guantities in physics such as tempersture, volume and speed can be apecified by a real number.
Such gusntities are called sealars.

Other quantities such as force, velocity and momentum require for their specification a direction as
well ag magnitude. Such quantities are called veetors. A vector is represented by an arrow or directed
line segment indicating direetion, The magnitude of the vector is determined by the length of the arrow,
uzing an appropriate unit.

A vector 18 denoted by a bold faced leiter such as A [Fig. 22-1]. The magnitude is denoted by |A| or
A. The tail end of the arrow is called the initial point while the head is called the terminal point.

AR,

1. Equality of vectors. Two vectors are equal if they have the same
magnitude and direction. Thus A=B in Fig. 221.

A
2. Multiplication of a vector by a scalar. If m is any real number B
(scalar), then mA is a vector whose magnitude is jm| times the
magnitiude of A and whose direction is the same as or opposite
to A according as m >0 or m<0. If m =0, then mA =0 is
eailed the zere or null vestor.
Fig. 22-1

3. BSopms of vectors. The sum or resultant of A and B is = veetor C= A+ B formed by placing the
initial point of B on the terminal point of A and joining the initial point of A to the terminal point
of B [Fig. #2-2(b)]. This definition is equivalent to the parallelopram law for vector addition as in-
dicated in Fig. 22-2{c). The vector A — B is defined as & + (—B), §

]
N /,,/‘-‘.\__
: ~ C=A+B  ~~
- C=A+B - ST -
B ; ; ~
/ \,
(@ &) ©
Fip. 222

116
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Extenaions to sums of more than two vectors are immediate. Thus Fig. 22-3 gshows how to obiain
the sum E of the vectors A, B, C and D.

(@)
Fig. 22-3

4. Unit vectors. A unit vector is & vector with unit magnitude, If A is a vector, then a unit vector in-
the direction of A is a = A/A where 4 > 0.

If A, B, C are vectors and m,n are scalars, then

221 A+B =B+A Commutative law for addition

222 A+(B4+C) = (A+B)+C Associative law for addition

22.3 mnA) = (mn)A = n(mA) Associative law for sealar multiplication’
22.4 (m+n)A = mA + nl Distributive law
22.5 m(A+B) = mA+ mB Distributive law

A vector A can be represented with initial point. at the
origin of a rectangular coordinate system. If i,j,k are unit
vectors in the directions of the poesitive z,y,2z axes, then

22.6 A= A+ A+ Ak

where A i, 4,j, Ak are called component vestors of A in the
i,§,k directions and A, A, Ag are called the components of A. x

22.7 A-B = AB cosd 0=#=r
where ¢ is the angle between A and B.
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Fundamental results are

22.8 A-B = B-A Commutative law
22.9 A-(B+C) = A-B+A-C Distributive law
22.10 A*B = AIBI +A233+A333

where A= Aji+ A4, +4k, B =B+ Byj+ Bk,

22.11 AXB = ABsindu 0=e=w

where ¢ is the angle between A and B and u is a
unit vector perpendicular to the plane of A and B
guch that A, B, u form a right-handed system [i.e. a
right-threaded screw rotated through an angle less
than 1802 from A fo B will advance in the direction
of u as in Fig. 82-5].

Fundamental regnlta are
i i k|
2212 AxB = |4, A, Ay
By By By Fig. 22-5

(AgBs — AzBp)i + (A3By— A,Bg)j + (A4Bs—A;B)k

22.13 AXB = —-BXxXA
2214 AX(B+C) = AXB+ AXC

22,15 |AXB| = area of parallelogram having sides A and B

22.!6 A ® (B » C] = Bl Ba Ba = AIBQCS + AgBaCl + AQBICS — AaBgGl o 428103 G e AjBan
&) Gy Ly
22.17 |A-(BXC) = wvolome of parallelepiped with zides A, B, €

2238 Ax(BXC

B(A-C) — CA-B)

22,19 AxXBXC B(A-C) — AB-C)

22.20 (AXB):(CxXD) = (A-C)B'D) — (A-D)B-C)

22.21 (AXB)X(CXD) = C{A+BXD)} — D{A~(BXC)}
: = B{A+(CXD)} — A{B+(CXD)}
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The derivative of a vector funetion A(u) = A;(w)i+ 4;(w)j +As(u)k of the scalar variable u is
given hy

dA Au + Aw) — Afw) dd,  dd, dAg

D02 = gy T b e e ps S '+

d‘u A—+0 An du d _d; k

Partial derivatives of a ﬁector function A(x,y,z) are similarly defined. We asaume that all derivnﬁm.
exist unless otherwise specified. %

22.23 d—u{A-B) = du+—-n
22.24 diimxn) = .e\><ﬁ+"m X B

2 Tl : o[ 2B ‘ dc
2225 —{ABXCO}~= T-(BXC) + A (duxc> + A (nxdu)

2226 a2 - 4% -

du du
dA z A
2227 A e 0  if |A| is a constant

The operator del ia defined by -

e e
22.28 v = i5+’ay_+kaz

In the results below we assume that U = Ulw,y,2), V = Viz,y,2), A= Az, 9,2 and B =Bz, y,2)
have partial derivatives,

av, . c‘iU

]
2
&
o
g
g
]
S
L}
2
=
]
E:
s
]
g
=
Il

(l—+j +k-—-) (Ad+ Agi + A3k)

A, 0A, aA,
i~

L}
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2337 CurlofA = curlA = VXA

éAs a_As a4 1 6.@1, ! 4 GA, BAI
(@Wﬂ”ﬁr§ﬂ+ﬁ“wk

#U 2T PU
o2 = a.ys 8z

2232 Laplwdianci U = VU Ve(VU) =
d2A 32A a2A

i = 2 = o i
22.33 Laplacian of A VIA a=’+aya+az’

2234 BRiharmonic operator on U = ViU = TV

4 4
YL

Ay AU U
St T aE TR T immp T 2maa T 2 e

2235 V({U+V) = VU + V¥V

2236 V:(A+B) = V:A+ VB
2237 VxX(A+B) = VXA + VXB

2238 V.(UA) = (VU)+A + U(V+A)

2239 YXx(UA) = (VU)xA + U{VXxA

2240 V:(AXB) = B' (VXA — A«(VXE)

2241 YX(AXB) = (n-vm—n{v-m_-(.&-vw'«l-'wam
2242 V(A*B) = (B"V)A + (A-V)E + B¥(V XA + Ax(VXE)
2243 VX (VD) =0, - ie. the curl of the gradient of U ia zers.
2244 V:(VXxA) = 0, ie. the divergence of the curl of A ie zero,
5245 VX(VXA = V(V-4) - VA
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If Alw) = B(u), then the indefinite integral of A(u) is _
22.46 -_-fm(u)da = B{u) + ¢ e = constant vector
The definite integral of A(u) from u =& to uw =5 in this case is given hy

B
22.47 _f Alwydu = ' B(b) — Blz)
Va

The definite integral can be defined as on page 84,

Conaider = space curve C joining two points P{ay g ay) and
Py(by, by, bg) as in Fip. 22-6, Divide the curve into n parts by poinis
of subdivision {4, ¥1: 21}« « s (@1, ¥n—1, Zn—y). Then the line integral
of & vector Afz, ¥, z) along C is defined as

" Fa n
22.48 f Asdr = |} “Asdr = lim 2 Alx,0y2) fan,
c : Py Dmerew p=1
where Ar, = Az i+, j+ank, A¥, =%y~ 2y, ¥ = Vps1 ¥
Az, = Zp41 — 2, and where it iz assomed that as n— = the largest
of the magnitudes |Ar,| rpproaches zero. The result 22.48 is s gen-
eralization of the ordinary definite integral [page 24].

The line integrel 22 48 can also be written

22.49 { A = § itz + dgay + 4500
C o

£

using A = Ay +HAxd+ Ak and dr = dzl+dpj + deke

] ’ ; Py Py
23.50 f ‘Bedr = —§ Acde
3 kY . " Py
- AP Py : Py
‘2251 (Tavae = [Cacde [ Caea
2y £y " Py

In general a fine intogral bhags & value which depends on the partienlar puth © jeining poiniz Iy and Py
in & region R, However, imease A= Vs or ¥ u & @ where 3 and its partisl derivaiives sre con-

tinuous in R, the line integral 'I'A * dr is independent of the path. In such ease
i -

- P,
22,52 ] Avie = j‘ ik B P
: ¢ B,
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where ¢(Py) and ¢(P;) denote the values of ¢ at P, and P, respectively. In particular if C is a closed curve,
22.53 f'a-ar - §A-dr = 0
C g

where the circle on the integral sign is used to emphasize that C is closed.

Let F(z,y) be a function defined in & region & of the
zy plane as in Fig. 22-7, Subdivide the region into n parts
by lines parallel to the » and y axes as indicated. Let 84, = d
Az, Ay, denote an area of one of these parts. Then the in-
tegral of F(z, y) over R is defined &s

Yp+1
i n
22.54 I Fedd = lim 3 Fla,u,)d, Yo
R

A=w p=

provided this limit exists.
In such case the integral can also be written as

2255 | i { P

w=riiz)

b falz)
= j. {f Fix, u) dy} dx
= u={f(x) Fig. 22-T

L=oa
where y = fi(e) and y = fi(¢) are the equations of curves PHQ and PGQ respectively and o and b are
the 2 coordinates of pointa P and @. The result can also be written as

d paly) d oelu) - ;
22.56 J' f F(z,y)dedy = f { f Fi{z,y) dz} di
y=c ¥ z=g,() y=c .

z=g,(ul

where z = gi{y), # = goly) are the equations of curves HPG and HQG respectively and ¢ and d are the y
coordinates of H and G.

These are called double integrals or area integrols. The ideas ean be similarly extended to iriple or
volume integrals or to higher multiple integrals.

Subdivide the surface S [see Fig, 22-8] into n elements of
ATres ASp; g= 1129 sng Let A{zns ¥ps ‘p) = Ap where (tpr Yoo zp}
iz & point P in AS,,. Let N, be a unit normal to AS;, at . Then
the surface integral of ths normal component of A over S is
defined as

2257 [ A-Nas = Im 3 A,-N,a5,
5

a=~ o p=1

Fig. 22-8 -
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If R is the projection of S on the zy plane, then [see Fig. 22-8]

J. A-N f”d?’
3

1l

22.58 J;A-Nds e

Let S be a closed surface bounding a region of velume V; then 1f N is the positive (outward drawn)
normal and d8 = N dS, we have [sce Fig. 22-9]

22.59 {vaaw = fn-ds

Jo <
The result is also called Gauss’ theorem or (reen’s thearem.

Fig. 22-8

Let S be an open two-sided surface bounded by a closed non-intersecting curve C [simple closed curve]
as in Fig. 22-10. Then

22.60 §A-dr - f;vx.a‘)-ds
{ 24 g

where the circle on the integral is used to emphasize that C is closed.

22.61 :fgpdz.Jr Qb = f (ﬁ_%)dmzy
[ 5

where B is the area bounded by the clesed curve €. This result is a special case of the divergenee thedrem
or Stoke’s theorem.
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22.62 f wvv+ wa-omav = [ 4v-as
: :

where ¢ and ¢ are scalar functions.

i

22.63 f wvn —uvigav = [ 4V - yVgas
¥ =

A point P in space [see Fig. 22-11] can ke lo-
ested by rectangular coordinatea (z,¥,2) or curvi-
inear coordinaten (u,, u,, u;) where the transforma-
tion equations from cnme set of coordinates to the
other are given by :

2% 66 8 o= x(ul_.w,ua)
¥ = 3l g uy)
oz = iy, v, )

If u, snd «%; ave consiant, then ag wy vaxics, the
position vector v = @i % 9j 4 zk of P describes a
curve called the w, coordingle curve. Similarly we
define thie v, Bnd @, cosrdinata curves through 2. The
vockory 3580, #1200, &9/, vepressoi tanpont voo-
tors m the w. sy oy owrdiuate esupves. Ledlmg
&y, 8y, @3 e unit Gaagent vecloor to thess cupves, wa

have Fig. 2511
] ar e T T g .
267 i, = M = A 50 = M
where
e e B0 T

are called asale faeters. B &6 @, 35“ muinally perpendicular, the curvilinezr coordinate syetem is
ealled orikogonal,
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23-" dr = -«'?—l:dul =+ _a"r_éﬂg + %:h: = kldu1el + hgdﬂgeg + &sd‘u’aﬂg

22.70 de? = dredr = hjdud + hidui + Afdu}

where ds is the element of are length.
If dV is the element of volume, then

2.7 dV = | (Aey duy) = (Raeq dug) X (hgegdus) | =  Ryhohsduy dugdug
O o 3z, y, 2)
g " g ¥ | Dty = | G| du ey dy
where

. dzfou; dx/dug dwfouy

Az, ¥, 2) 2ud
22.72 m = |a3pfouy opfdug dyfoug
dz/ouy dzfduy ozfoug

iz called the Jacobian of the transfarmation.

The result 22.72 can be used to transform multiple integrals from rectangular to corvilinear
coordinstes. For example, we have

2278 ff F(z,9,2) dedydz = j]' Gy, g, ty) I aﬁf:':;’ﬁ S)I daty s diug :
R

where ®' is the region into which R} is ml.pped by the transformation auwd G{u;, us, ug) is the value of
F(z, y, z) corresponding to the transformation.

In the following, ® is a scalar function and A = Ae; + A, + Age; a vector function of orthogonal
curvilinear coordinates u;, ug, #,.

& 3% eza‘b €3 a4

22.74 Gradientof ® = grad® = V¢ o e

' D4 = TR o T o oy
22.75 Divergenceof A = divA = V:A = MM[“‘{WQ-{— M(M’Hﬁ;) o M(":Ma]]

_"101 haeg "a"s|

i 2 ERSRRE, O 0 R el

2276 CurlofA = curlA = VXA = S
Ay hoAsy kydy

T:i; [a%; (hadte) = - [n,A,)] + m [— (hydy) — — {Ms}]

o [— e ~ 5 i) |

£ iy habs po\ . 2 (Rshs a0\ | o (bﬁﬂ
ot o o hma[m(ng w.)*m(h Tni;)*?ﬁ.‘ k.-au;)]
Note that the bikarmonie operator V46 = VX(V39) can be obtained from 22.77.
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Paraboloidal Coordinales (u,v,¢)

22.87 ® = wvcosg, % = uveing, z = F(u? —v?)
where w =0 =20 0= < 2
- 32.88 A2 = hF = w2+ 0% ki = ud?
i 1 3/ oo (R X 1 3% 3
22.99 o B ulu® + v?) du (uﬁ & w(u? + v%) v (v 31:) S dg?

Two sets of coordinate surfaces are obtained by revolving the parabolas of Fig. 22-14 about the
2 axis which is then relabeled the 2z axis.

Elliptic Cylindrical Coordinates (u,v,z)

22.90 # = acoshweosy, y = eginhusiny, 2z = 2z
where i Z 0 0N s < 2y = g
22.91 ki = hi = oi(sinh?u +sinv), hy = 1

1 e A
2 — 2 LIS e
22.92 Vi “e?(sinh? 1 + sin? ) (a'“z i 3”2> ;- o

The traces of the coordinate surfaces on the xy plane are shown in Fig. 22-15. They are con-
focal ellipses and hyperbolas.

Ty

o
b 3
o

1
7 © = 8e/2

Fig. 22-15. Elliptic cylindrical coordinates.
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Prolate Sphereidal Coordinates (£ 4, ¢)

2293 2 = aginhfsinnecosy, y = esinhgsingsing, 2z = acoshfcosn
where L= 0, 0 =g = a, 0=¢ < 27
22.94 R} = h2 = a%(sinh?¢ +sin2y), ki = a®sinh?¢sindy
1 A ad
- 25 = fui ) T oot
g 4 a¥(sinh2 ¢ + sin? q) sinh £ d¢ Gm ¢ 6&)

1 T e dfp 1 32
—lginyg— | + ———m— o m —— —
e a*(sinh® ¢ + sin®y) sing dy ( ¥ 63) a® sinh®§ sin?y d¢2

Two sets of coordinate surfaces are obtained hy revolving the curves of Fig. 22-16 about the
x axis which is relabeled the z axis. The third set of coordinate surfaces consists of planes passing
through this axis.

Oblate Spheroidal Coordinates (£, 7, ¢)

%

22.96 # = acoshfcosgcosg, ¥ — @coshicosysing, 2 = asinh{sing
where £20, —w/2S9v=7/2 03¢ <2
2297 B = hE: = a(ginh? ¢ + sin?y), h: = a® cosh®f cos?y
1 il ab
- = = hit—
= i a?(ginh2 ¢ + sin?q) cosh ¢ 9 (cos ¢ ag)
1 d g% 1 %P
i L vnus
% a(sinh? ¢ + sin2 y) cosy I7 (cns & au) a? cosh® f cos®y d¢?

Two sets of coordinate surfaces are obtained by revolving the curves of Fig. 22-15 sbout the y
axis which is relabeled the z axis. The third. set of coordinate surfaces are planes passing through
this axis.

Bipolar Coordinates (u,v,2)

22.99 L R R e
5 coshv — cosu' cochv — cosu’
where 0 u< 8, =w fhp ¥ @ —w Ly dim
or
22.100 22+ (g —acotw)? = afesctu, (r—acothv)®+ y? = ofcschiv, z = 2
2 2 a? 2
. = = ——, A3 =1
22.100 hi b3 e 3 _
; 2 — lcoshv —cosu)? (% &% fiaid
22.102 . vig = =+ S + 52

The traces of the coordinate surfaces an the zy plane are shown in Fig. 22-16 below.
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Fig. 22-16. Bipolar coordinates.

Toroidal Coordinates (u,7,¢)

22.103 _ osinhvcosgp  _ asinhvsing , _ __asinu
coshv — cosu coshv — cosu coshv — cosn
2 2 ginh2 v
2.1 K=K = @ hra= a“ sin
i ; k2 {coshv —cosw)®’ °° {cosh v — cos u)?
= o i %
10 24 = (coshv cosu)® 9 3%
HaRr Y a? du \coshv — cosu o1

+ (

coshv —cosu)® 3 ginh v a® (coshv — cosu)? #e
a? gsinh v 3v \coshv — cosu v a® sinh®» a2

The coordinate surfaces are obtained by revolving the curves of Fig. 22-15 about the y axis
which is relabeled the z axis.

Conical Coordinates (A, v, v}

( 5 a7 — ad) A bt =59
2.106 = Mo ad ].ff___a_.,.._.___,, = A B —
o = ab’ v m'\ et — b2 5 o b B2 — g2
A2{y2 — p2) Be 222 — o7

T 2 A
e M=l k= aoam-a T F-ae-m
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Confocal Ellipsoidal Coordinates (A, pu,v)

= u? 22
a”'“l—f—b“—)\_i_a!__-—y, = 1 A< < b <al
2 gz a2 = Z 2 ¥4
22.108 ﬂ’-—-p+b2-—p+oz—p = s A p<b<a
wﬂ yﬁ :2

= Z<h<y<apl

or
(2 = (2= 2{a"—p)a?—0)
(a2 — b3)(a? — ¢}
g — =N — B2 —)
22,109 < ¥ B —aBi— &
2 = (== et —»)
(e* — a?)(c* — b
rh?z = (g —=NG—=2)
2 d(a? — X)(b2 — N2 — )
% <4 hﬁ = (p— ) —u)
=2ie T e (A
R (A= s} — )
& (P — )BT — )2 —»)
Confocal Paraboloidal Coordinates (), p,v)
’ug—xjk-i'igyj—k:z—?\ —= <A< b2
«? gk
22.11% 1'12_——;4- e = S < p<a?
; 'Ei’z'j_"'#%:z*r a2 <p< @
ar
(g2 = @—=NaE—n)e?—3)
B2 — a2
— (B2 —2)(b%— n)(b2 ~
22112 {# = Lo
2 omai i Spigiel gl g BE
(a2 = =M=
. R d(a? = 2)(b2— 1)
2118 a2 = -G—pO-—u
s R 17~ F ¢
kg — (l o V){E P I’!
e 16(a3 — »)(b% — )




The Fourier series corresponding to a function f(x) defined in the interval ¢ =x <c¢+2L where ¢

and L > 0 are constants, iz defined aa

: @ & nr% . foE
23.1 s -Ex Gn €08 —— + b, sin ==
whers 1 et o=

By = = f f(®) cos — dw
n E - T
23.2

by

s+ 2L
%J‘ flz) sinﬁTﬂdx
(=

If f{x) and f'(x) are piecewise continuous and f(x) is defined by periodic extension of period 2L, ie
flz -+ 2L) = f(z}, then the series converges to f(x) if » is a point of continuity znd to Hf(x+0) + flz—0))

if z is a point of discontinnity.

Assuming that the series 23.1 converges to f(z), we have

23.3 f@) = 8 cpemmo
o }o,—ib)  w>0
1 e+ 2L
23.4 & = o J: fiaye~nmiidy = J}a—ntiboy) n<O
3% n=~0

+2L 2 ]
235 1J vers = P+ 3 e

+ 2 (@a00+ budy)

bt | R
g

e+ 2L
23.6 % J: fl@) gle) dz =

where a,, by and ¢, d, are the Fourier coefficients corresponding to f{z) and g(z) respectively.
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1 0<a<rg
23-7 ==t £ o
fla) {—1 —r <2< fz)
| | A [
| | |
4 (sinz , sin3x , sinbx 4 | | I
:<11 + S0 4 B0 4 n-) i_% = = v e x
e SRS e
Fig. 23-1
x 0<z<nrn
23.8 = —
f(z) || {_z B ()
z _ 4fcosw , cos8z , cosbz
2 1r(1=+32+5!=+ )
x

23.9 fx)==, —v<a<r

1 2 3

2(sinz _ sin2x + sin8x )

23.10 flz)=2, 0 <o <2r

flx)
sin sin 2z gin 3z e F i
2 2( i e e = ) : i
{ W/
0 J Ty
2 dr

Fig. 23-4
23.11 fley=lginzl, -z <z<z | fix)

1-8 d-5 67

T T

g 5(wazw 4 cosdr | cosbr . )
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133
sine 0<ae<r
23.12 =
Vi) { b ecasng f(@)
1,1 .  2f(coslz  cosds cosbx ,
L n-<1-3 gy il T ) /\ - /
75 = 5 5 P osiy
Fig. 23-6
cosz O0<z<gw
23.13 =
fl=z) {-—casm o A flx)
8 /sin2  2sindz , 8sinfz -\ -\\ \ :
;<1'3+ A ) ‘? \\0 \r e
|
Fig. 23-7
23.14 f(:v} =2, —w <z<w f{:v}
'ﬂ'z-
72 ,[cosw cos2z  cos3z
3 4( B 9 )
--IS-.r —‘lZv I?r o f'.‘l!r 3I.7 3
Fig. 23-8
2315 flx)=eF—=z), 0<a<w
fiw)

w2 cos 2z , cesdx | cosbx
?_(12 R AR +“)

=

—
S pl La 2r
Fig. 25-9
23.16 flz)=zlr—a)irte) r<x<g= fla} '!
sinzg sin2z  sindz- l
12(1a S F) — x
T 0 T 2

Fig. 23-10
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0 D= fe)
23.17 fle} = <1 r—ae<z<r+a
o Qg = e O w-— - g, - —+ fp -
0 '!r+a < x < By E_-' I-.-I I-—I ;._.l
| I | I : 1 | |
[ o) S T e
« _ 2 [/ginacosw  sin 2« cosly : : PR li9 1] o
e 1 2 ) ) i o
X ke i 1 i | I I '
+ Hn da coa dxr ) SR S e = ] x T Pl
3
Fig. 23-11
: x{r— 2 0<z <
23.18 f(a) { e i f2)
—g{r—2x) —a <2<
8 fgin® , sin8z |, sinbz /
’;< e eeder i ) P i, . g
Fig. 23-12

23.1%9 flz) = ginuxr, —w<z<w u7integer
2singr ( sinz  2sinlx 4 8sindz
# 1P §- 3 T p—
23.20 flz) = cospr, —w<ax<m uv integer
Jusingr( 1 . cosw  cos2r | cos3z _
Ty 2T E-@  Eog T
23.21 flr) = tan—1[(e sin.:c)[(l —acosx), -—w<z<w |o <1
2 8
asinz + %—ainZz ot %ainax e 8y
2322  flx) = In{l —2ecosz+e?), —-s<z<wm o<1
2 3 N
~3(acose + S coa2n + % cousdx + -
2 a8
23.23  fz) = Ltan-1[@esinal(l—a?)], —r<o<z |o<1

2

. a? a¥
aginx + -é—sin3z + Fsinﬁ:r e
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23.24 Tiy) = % tan—1[(Zacosz)/(l1—a?)], —w<z<z la <1
) 5
weos® — %coa.‘!m + %cosEx -
23.25 flxy=em®, —p < x< g
2sinhur (1, § D cos 1z = sin n)\
T 2u = P /
23.26 flz) = sginhuw, —r<a<r
2ginhur { Binz  23inZ2r  Ssindz B
= 12 + #2 02 4 P'Q 32 + #2 }
2327  flx) = coshpe, —r<a<gz
Zuginhpr { 1  cosx cos2z  cosdm St
m 242 12 w2 22 L a2 324 40
23.28 flz) = Infsindel, 0 < <7
X cosx , cos2w , cosdw £l
<1n2+1+2+3+ )
23.29 fle) = Injeos |, —w <z <7
i _ cosz , cogidw  eosdx : \
<h12 1 + 5 R )
23.30 flg) = jot— Jox +32% 0=z 52
oS @ cos 2u GERBE . Ok
12 T T e e
23.31 flz) = La(e—n)(z—27), 0352 =2s
sinz , sin2z |, sin3z 5
e w
2332 flz) = art—2rtt b wad — kot 00 =2
’ 7y 17 iz GRS

cosx® , cosdx | cosBax
e b ik




24|  sesse runcrions

BESSEL'S DIFFERENTIAL EQUATION

24.1 22y + owy F (@—nty = 0 n=0

Solutions of this equation are called Bessel functions of order n.

i

et ) B s s
i @ = Tt ‘LI T 242 2-4(2n+2)(2n+4) }

o (—1)k(x/2)n+2k
p=0 k! l(n+k+1)

xR Jl K z2 xd }

anr(—m || ZZ—%m | 2-4C-20(d-2m)

24.3 J_ (@)

- (—1"&(2}/2)2?5—"
B kilk+1—mn)

24.4 Jo ) = = md (e == b [ S

If n+0,1,2,..., J,(2) and J_, (¥} are linearly independent,
I w+=0,1,2 ..., J,(z) is bounded at « = 0- while J_, () is unbounded.

For n =0,1 we have

2 x4 i
245  Jylo) = 1";'{"" 3.4 e T
2 23 =5 =7 ;
246 M) = s-@matE s FoEas
247  Jylx) = —Ji(@)

TIONS OF THE SECOND KING

i) cos e — J_, (%)

n+#0,12,...

sin nr
24-3 Yﬂ (2} =
Hm l2) cns.pzr—J_p(:r) n=0,1.2 ...
Fetn sin pr

Tkis is alao called Weber's funciion or Neumann's function [also denoted by N, (2)].
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For n = 0,1,2, ..., L'Hospital's rule yields

M{ 2/2)2k~

(3:;2)2&+a
Tl (1

249 Yale) = —{]n (#/2) + THnl@) — L §o
= ; kgn (=1 ((k) + @(n + &)}

where y =.B6772166.., is Euler’s constant [page 1] and

- o Tk ... qk =
24.10 ®(p) = 1+2+3+ +p, &(0) =
For n=4Q,
i 2 fG" i i 1
24.11 Yolz) = —{ln (#/2) + Y} () + {;2 apltP+ Fagpltitd - }
24.12 Y o (=) = (—1pY,(x) n=10,1,%2 ...

For any value 2 =0, J,(x) is bounded at # = 0 while ¥, (») is unbounded.

2413 y = AJ,(x) + BJ_,(x) T T b Sl

24.14 y = Al, () + BY,(2) all n

dx
2415 y = AJ@ +BLG [F7m  dln

where 4 and B are arbitrary constants.

ENERATING FUNCTION

o0
24.16 e3tt—1/8/2 = ¥ J.(x)n

n=—x

URRENCE FORMULAS FOR BESSEL FU

2417 | Ly = i@ = fea@
2418 Iz = _g{Jﬂ-,(z)HJm(w}}
24.19 . gliln) = =i, @) = nl.(z)
24.20 g (x) = nd®) — 250
24.21 | L @i = e eesle)

24.22 .-‘%{z—ﬁ () = —as ()

The functions ¥, (x) satisfy identical relations.
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1n this case the functions ere expressible in terme of sines and cosines,

2423 J (=) = ‘\I :?;‘ sinx 2626 J_y(e) = \‘ -%-’ (5-95—5 + sin m)
2424 = 42 = AN=d(B_1)sine -2

—1/a(z) — cosa 24.27 Jy. (2 sz ilza—1)sinz — Jcosa
2425 Jyu(z) = \f;% (Ei‘.;-’f 2 b x) 2428 J_yu(z) = -\f ’—i{g sinw + (;35— 1) cos w}

For further results use the recurrence formula. Results for ¥ya(z), Y/u(2), ... are obtained from 24.8.

2429 HP@) = J.(z) +1iY,.(%) 2430 HP(@) = Jylo) — i¥, (%)

24.31 23y + xy — (i+ady = 0 n=Z0

Solutions of this equation are called modified Bessel funmetions of order n.

24.32 I (z) = il liz) = e~"mRJ (ix)
an 1 w2 g ol % i o o (3.’2]’!1‘&
T+ 1) 22n+2) T zed2n+2)2n+4) T S kT +k+ 1)
24.33
I_.(x) = tl_,(ix) = eRJ_ (ix)
2 z—n 4 eaak ot o N el
2‘“P(1—n){1 TEe-Em © 2+ 4(2 — 2n)(4 — 2n) * w=0 kIT(k+1—mn)
24.34 Fo e = T n=01,2 e
If n+£0,1,2, ..., then I, (=) and I_, (=) are linearly independent,

For n=0,1, we have

G B AT
2435 I = 1+23+22.42+23.4z.52+

e z3 x5 7
Mt 4w = §+23-4+22-43-5+29'.4;.§i?§+

2437 Iitx) = L)
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T {I_(x) — I(x)} o B R

2 sin nx
2438 K,z =

- A
LI £ - =0.1,8, ...
pf:: 2 sin pr -p(@) = I(=) wad
For n=0,1,2,..., L'Hospital’s rule yields
n-1

2439 Ko = (-1riin(/2) + M@ + . (—1)k(n— k= 1)1 (af2)h

k=
(=) & (x/2)nt2E

o {@(k) + d(n+ k)}

where o(p) is given hy 24.10.

For n=0,
2040 Kjo) = @D+ b + ot s D+ T Rt
. I A Titg a3 P2e 42V’ 92042 G2
24.41 K (o) = K. =0, 12800,

24.42 y = Al (x) + BI_, () n#=0,1,2,...
24.43 ¥ = AI(x) + BK,(x) all n
24.44 y = Al +Bfn(;v}f du all »

z I.(x)

where A and B are arbitrary constants.

24 .45 etz = X [ (x)n
= o

e
2446 L0 = Loy — 20 2452 K, @ = K, @ + ZK,@)
2447 Lz = d{,_ (=) + Lys1(2)} 2453 Ki(a) = —}E.i(@)+ Kopq(@)}
2448 oli(@) = xl,2,(2) — nl,() 24.54 E.(z) = -2K, (z) — nK, @)
24.49 gl (x) = wxl,4q.(@) + nl,(z) 2455 <K (x) = nK,(2) — aK,, (%)

2450 L) = o,y 2456 (oK, 0) = —a"K. i)

24.51 -&--"i{ua—'ﬂ W)} = el (x) 24.57 %{z“"lf,(m}}' = —ahE ()
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in thic case the functions are expressible in terms of hyperbolic sines and cosines.

2458 I,;(x) = 4 ’ ;2; sinh 24.61 I_ju(0) = ’ ;2_95 (sinhz . coih m)

: OF e : f 2 /(3 : 3

2459 I_yp5(2) = — coshe 24.62 Ijp(x) = 4] {(EE AL 1) sinh# — = cosh 3}
24.60 Iy,(x) = .‘{ ;i (cosha: —Bi“_:"’.) 24.63 1 ;.0 = 4 ’:215{ % - 1) coshz — %slnhz}

For further results use the recurrence formula 24.46. Results for K,.(®), Kgo(2), ... are obtained
from 24.33.

T A

The real and imaginary parts of J,(ze37/4) are denoted by Ber, (x) and Bei, (z) where

R L e (@n + 2k)z
2 Bero () = 3 R+ kiD " 4
y = e (ein L (Snt 2Kr
e Bein(2) = 2 Firm+k+D) " 4
It n=0,
4 ]
24.66 Ber() = 1 &2 @AF
L] )
24.67 Bei(e) = (a2~ ZE0 ., @A

The real and imaginary parts of e~ 72 K (ze7¥/%) are denoted by Ker, («) and Kei, (x) where

24.68 Ker, () = —{ln{z/2)+ v} Ber,(z) + 4= Bel,(2) :
1ol a—k— 1) (z/2P-»  (@3n+ 2k)r
2.2 K cos 7

1& {(=z2p SBN-% %Er
7.2 3klfu+k‘«1{¢(”+¢(“+k)} COB 7

24 69 Kei, (x; = —{lm(a/2)+ v} Beiy(x} — {r Ber, ()
i ”,,; {r— ki~ )l {@/0pk—n (30 + 2k)w
T K e SR
e {83n + 2k
E ¥ {;_’gm {o(k) + ®(n+ &)} 8in o
end & iz given hy 24.10, pags 137
If »=0,
: 2
24.70 Ker(z) = -{in(2/2)+ 7y} Ber(z) + THeifs) + 1 — {’;?;’ d+4 + %%L(H-Héﬂ) s

2471 Keil) = ~fln(e/2}+7) Bei@) — I Ber(a) + (/22 — ‘%’%ﬁ Gt bt ) b
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24.72 29" + oy — (el +nty = 0
The general solution of this equation is

24.73 y = A{Ber,(2)+ iBei,(z)} + B{Ker,(2) + i Kei, (x)}

Fig. 24-1 Fig, 24-2

=
Fig. 24-3 Pig. 24-4
'} ¥

3+

24 A5

1] v Kerz

0 x iy
L 024
-5 011
-2+ 0 £
=4 =614
—~ G —.02+
-84 =G
-7 — {4
— R =05
-

-~ 10




142 BESSEL FUNCTIONS

24.74 J' edg@)dz = 2J,()

24.75 fa#.f.,(z}dz = e22,(z) + zJolz) — flo(m}dc

24.76 fxm.fu(a'.) de = anlJ(z) + (m;-l)a:m”l Jo(x)-— (m—1)2 fu:""ln(:o) dx

o Sk
24.77 f j;) de = dtay ~ °;L— f Jo(z) de

1

wn (Ml A S G
24.79 J' L@ ds = —Jo@)

24.80 j' 2dy(@)de = —=zdy(m) + J'J_'o(z) dz

24.81 f ey (@) de = —zmJy(x) + mf zm=1Jy () de

2482 | 194 = —n@ +  Jota) do

2483 0 = 28 1 iﬂ;{fi i

24.84 fz*J,,_I(z) dz = wnd,(@)
2485 [orli@ds = —e )
24.86 f e (z)dw = —zmJ_y(@) + (mtn—1) f #m=1J,_ (v) de

) J(az) — B T lam) I
24.87 J' el g = 22O ;3 _:; Lo i

2488 (ol s = SU + %(1 - ;,%) EAY

The above results algo hold if we replace J,(x) by Y,(2) or, more generslly, 4 Jo(z) + BY, (x) where
A and B are constants.

1

24.89 f T B e e
S JE 15

- WaE T 5 —
24.90 J' e (b dp. = YT 2L p>-1
Bl bn/a® + b
] -—1-‘-— a>b
24.91 f conaz Jy(be) dw = {VaP—DF

3 0 a<b



